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The equations of the microscopic theory of superconductivity in the diffusion limit (Usadel

equations) are used to interpret experimental data from a study of the spin-valve effect in epitaxial

Nb/Ho structures. The cause of the quasimetallic behavior of their critical dependences is determined.

The influence of the triplet component of the superconducting condensate on the critical temperature

is studied. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4965895]

1. Introduction

The special properties of superconducting (S)/ferromagnetic

(F) structures which are superconducting because of the prox-

imity effect originate in the exchange interaction field that

determines the oscillatory character of the damping of the

ordering parameter in the F-layer.1–3 As a result, the super-

conducting condensate can be found in 0- and p-states in

S/F/S and its spectrum of states4,5 in multilayer structures

shows up in the oscillatory character of the critical dependen-

ces.1–3 Because of these properties, S/F structures offer prom-

ise in superconducting nanoelectronics.6 The combination of

effects observed during changes in the magnetic state of S/F

structures is the basis of their applications in superconducting

spintronics.3

Spin valves (SV) based on three-layer F1/S/F2 structures

in which the superconducting state is controlled by “P-AP”

SV inversions7,8 or by rotation (a triplet SV9) of the mag-

netic moment of one of the F layers are an elementary spin-

tronic device. The resulting DTc effect can be substantial for

S-layer thicknesses dS close to critical, dS,cr, and can

approach Tc for a narrow range of F-layer thicknesses7–12

(DTc is the difference between the critical temperatures TcAP

and TcP of the states with antiparallel and parallel magnetic

moments, respectively, or in a second case, between the

maximum and minimum critical temperatures Tc, and dS,cr is

the thickness at which superconductivity vanishes13–15).

These strict conditions are fully consistent with experiment:

DTc¼ 30 mK�Tc for structures with weak ferromagnetism16

and ranges from �50 mK to 40 mK for structures with

strong ferromagnetism3,16). A marked SV effect is possible

in structures with high quality S-F interfaces16–19 that are

fully determined by the material parameters of the

systems;20 for structures with strong ferromagnets, here

the predicted result correlates with calculations outside the

diffusion approximation.21–23 The SV effect occurs in a fun-

damentally simpler way in multilayer structures, especially

S/F1/N/F2 (N is a normal metal) and this explains their

advantage in applications.11,24–27 On the other hand, the high

sensitivity of DTc to perturbations in dS–dS,sc means that an

elementary SV can be regarded as an “instrument” for

solving some fundamental problems. In this paper we ana-

lyze the following results of a recent experiment on Ho(d0)/

Nb/Ho(dF) structures28 from this very standpoint:

(1) “quasi-S/N” the behavior of TcP(dF), TcAP(dF);

(2) strong P-AP effect, DTc¼ 400 mK. Although this value

of DTc is an order of magnitude higher than those

obtained for F1/S/F2 structures, result (1) is more signifi-

cant, since it provides a direct indication of processes

taking place at the S-F contact.

2. Material parameters and critical characteristics of Nb/Ho
systems

Fitting of the Tc(dF) dependences measured for an

Ho(d0)/Nb/Ho(dF) structure with magnetic moments in the F-

layers that were collinear to the specified in-plane direction28

in an dS � nS approximation based on the Usadel equations29

yielded a very small value for the effective exchange energy

parameter, Eex� 10 K and coherence lengths nS� 32 nm and

nF� 30 nm (nSðFÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DSðFÞ=2pTS

p
, DS and DF are the diffu-

sion coefficients, and TS is the critical temperature for the

bulk superconductor). This value of nF corresponds to the

decay length for the experimental Tc(dF) curve and is typical

of S/N structures (for the Nb/Cu system the coherence length

in the normal metal is nN� 35 nm (Refs. 30 and 31)) and the

unusual value of nS for niobium appears in the fitting proce-

dure as a factor for suppression of the critical temperature as

Eex ! 0 (the usual values for niobium are nS� 6–7 nm (Refs.

5, 20, 30, and 31)).

Measurements of the magnetic properties of this struc-

ture28 do not confirm the results of the fitting procedure: the

in-plane saturation magnetization Ms and the residual magne-

tization Mr were 2500 and 2100 G, respectively, or roughly

20%–30% less than the maximum Ms;m � 3100� 3400 CG

obtained if the magnetic moment is directed along the easy

axis of magnetization.32 Since the value of Ms,m corresponds

to an exchange energy of �104 K,33 in this case it is difficult

to speak of a mechanism leading to almost complete elimina-

tion of the effect of the exchange field.
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We now estimate Eex and the other material parameters

of this Nb/Ho system based on the available measure-

ments.28,34 In terms of the Usadel equations, an S/F system

is characterized by the parameters Eex, nS, nF, and TS, as

well as by the ratio p¼qS/qF of the normal low-temperature

resistivities of the S- and F-layers (or c ¼ pnS=nF (Ref. 35))

and the quantum-mechanical transparency coefficient of the

S-F interface, T (or the parameter cb (Ref. 35)). nS can be

determined from measurements of the upper perpendicular

critical field for a series of F/S(dS)/F structures; in this case

it is unknown. The effective temperatures TS is most reli-

ably determined from the asymptotic behavior of the Tc(dS)

characteristic. This characteristic has been measured for a

series of Nb(dS)/Ho(12 nm) structures34 fabricated under

roughly the same conditions as the Ho(d0)/Nb/Ho(dF)

series.28 p can be estimated from the published28,34 resistivi-

ties qS¼ 3.6 lX cm of a 30-nm-thick Nb film and qF

¼ 95 lX cm of a 100-nm-thick Ho film. Since niobium films

with thicknesses of 15–30 nm are used in the experiments,

the measured values can be treated as lower boundaries

for qS. On the other hand, for holmium the resistivity was

determined in the asymptotic region although an Ho film of

thickness 12 nm is used in the experiment to measure the

Tc(dS) characteristic. This means (given the data of Ref. 33)

that the possible values of p can lie within a rather wide

neighborhood of p� 0.05. For the transparency coefficient

we have an upper bound T �0:5; found from the Fermi

velocities vF;Nb ¼¼ 0:27 � 106m=s (Ref. 36) and vF;Ho

¼ 1:6 � 106m=s.28 A reliable estimate of the parameters Eex,

nF, and T requires simultaneous fitting of the characteristics

Tc(dS) and Tc(dF).20 Here, however, this is impossible since

the series of two- and three-layered structures differ, at

least, in their exchange energies. In fact, for two-layered

structures we can assume that Eex is close to the maximum,

since the measured values of Ms � Mr � 3000 CG are close

to Ms,m.28

All the parameters of the system are, therefore, undeter-

mined to some extent. However, in order to find the cause of

the quasi-S/N behavior of the Tc(dF) characteristic, it is suffi-

cient to analyze the Tc(dS) characteristic, since in this case it

provides more definite information on the parameters. In

fact, fitting the curves to the exact solution of the Usadel

equations4,5 yields the following:

(1) For arbitrary Eex � 50 K, in the parameter space nS; nF;
p; T there is a set at each point of which the theoretical

curve will reproduce the experimental dependence with

the same error. Up to an exchange energy of Eex� (3–4)

� 103 K there is a region of values of these parameters in

which the conditions for the diffusion limit are met.

(2) The set of permissible values of the system parameters is

bounded by the condition nS; nF < 20 nm.

Some examples of TcðdSÞ; curves calculated for different

values of the parameters are shown in Fig. 1.

The existence of a set of fit parameters implies that the

criterion for a parametric degeneracy of the TcðdSÞ character-

istic is satisfied: the thicknesses of the layers in the structure

exceed the corresponding correlation lengths.20,30,31 This is

also confirmed by the fact that the dependences calculated in

a single mode approximation reproduce the experimental

curve equally well.

3. Quasi-S/N behavior of the critical characteristics of the
Nb/Ho system

We now consider the fact that the characteristic TcðdFÞ
has been measured for a very wide range of thicknesses

(this series included samples with thicknesses d0¼ 10 nm,

dS¼ 20 nm, and thicknesses dF of 10, 40, and 70 nm (Ref. 28)).

In this case, the mean free path ‘F and the low-temperature

resistivity qF � 1=‘F can vary from sample to sample (thus,

nF; cb � ‘
1=2
F change),37 which may have a significant effect

on the critical temperature.38 How strongly the material param-

eters vary can be judged on the basis of the available measure-

ments for Nb and Pd81Nd19 films.39 When the thickness is

increased from 10 to 70 nm, the resistivity q(d) of the samples

decreases by roughly a factor of 3.3 and 2.5, respectively, and

is very well approximated by the formula

q dð Þ ¼ qa 1þ 3‘a

2d
E3

d

‘a

� �
� E5

d

‘a

� �
� 1

4

� �� ��1

; (1)

where EnðxÞ is the exponential integral,40 and qa; ‘a are the

asymptotic values of the functions qðdÞ; ‘ðdÞ. (The value of

the parameter ‘a for these metals turns out to be unphysical;

thus, Eq. (1) must be treated as empirical here.)

Given these considerations, we now calculate TcPðdFÞ
and TcPðdFÞ for dS¼ 30 nm (close to the critical value) with

one of the sets of parameters obtained by fitting the Tc(dS)

curves: Eex ¼ 2000 K; p ¼ 0:05; T ¼ 0:5; TS ¼ 9:2 K,

nS ¼¼ 10:8 nm, and nF ¼ 9:1 nm. We assume that pðdFÞ ¼
qS=qFðdFÞ (12 nm)¼ 0.05 and pa¼ 0.09; then ‘a ¼¼ 21 nm.

The result of the calculation is shown in Fig. 2, which also

shows TcPðdFÞ and TcAPðdFÞ calculated for the same parame-

ters but with fixed p, along with a segment of the critical

temperature as a function of the thickness of the N-layer, dN,

of an Nb/Cu/Nb S/N structure.

Figure 2 shows that the calculated TcPðdFÞ and TcAPðdFÞ;
for an Nb/Ho system neglecting drift in the resistivity of the

F-layer are typical of S/F structures with a strong ferromag-

net. Once the drift is taken into account, the shape of the

curves changes and becomes similar to the characteristic for

an Nb/Cu system. We can also see that the magnitude of the

spin-valve effect increases as the thickness of the F-layer is

raised.

Fig. 1. Experimental (points)34 and calculated (curves with open symbols)

critical temperatures of an Nb(dS)/Ho(12 nm) structure.
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4. The state function of the superconducting condensate in
an F0/S/F structure

The matrix solution of the one-dimensional linearized

Usadel equations is written in terms of the vector state func-

tions UðzÞ ¼ UþðzÞ�U�ðzÞ, where the column vectors

UþðzÞ and U�ðzÞ are formed, respectively, by frequency-

even Ux;þðzÞ and frequency-odd Ux;�ðzÞ components of the

anomalous Green functions4,5 (x are the Matsubara frequen-

cies, the Z axis is perpendicular to the layers, and XY coordi-

nate plane is coincident with the symmetry plane of the

S-layer). The vector function UþðzÞ describes the singlet

component of the condensate (s0), and the vector function

U�ðzÞ, the triplet (s10) component corresponding to spin pro-

jection 0. These calculations show that for the system stud-

ied here, the characteristics, TcðdSÞ and TcðdFÞ obtained

from an exact solution of the equations are also reproduced

in a single-mode approximation with a small offset of the fit

parameters. In the single-mode approximation, the system is

characterized by the two-component vector function of state

UðzÞ ¼ UþðzÞ�U�ðzÞ.
We now calculate UðzÞ with d0¼ 10 nm and dS¼ 20 nm

for several values of dF in the range of 10–70 nm, moving

along the TcPðdFÞ and TcAPðdFÞ curves. (Here the system

parameters were chosen using the condition that the theoret-

ical points coincide with four of the six experimental

points.) We first separate the “pure effect” of the drift in the

parameter p, assuming that the length nF is independent of

thickness. The result is shown in Fig. 3. (Part of the region

of the F-layer is shown, since, as can be seen in Fig. 3, the

state function vanishes for all dF at distances less than

10 nm from the interface.) The picture does not change fun-

damentally if we include the drift in all the parameters that

depend on the mean free path. This can be seen in Fig. 4,

which shows plots of the s10 component of the state function

(Figs. 4(b) and 4(c)) and of part of the s0 component in a

small neighborhood of the S-F interface (Fig. 4(a)), calcu-

lated with the drift in p and nF taken into account. (As in the

previous example, the functions UþðzÞ for the P and AP
magnetic states are almost identical, so only one graph is

shown.)

5. Discussion of results

As the above remarks imply, the quasi-S/N behavior of

the TcðdFÞ characteristics of the Nb/Ho system are caused,

first, by drift of the system parameters as the thickness of the

F-layer is increased, second, by the high exchange energy,

and, third, by the high resistivity of holmium and the low

transparency of the S-F interface.

Because of the high exchange energy, the superconduct-

ing condensate penetrates into the F-layer to a small depth

determined by the characteristic length fF ¼ nF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pTS=Eex

p
,

so that the ordering parameter rapidly approaches its

Fig. 2. Critical temperatures of an Fðd0;FÞ=S=FðdFÞ structure calculated for

parallel and antiparallel magnetic moments of the F-layers with and without

drift in the parameters (curves). The measured (points) and calculated criti-

cal temperatures of an Nb/Cu/Nb structure30 are also shown.

Fig. 3. Singlet (s0) and triplet (s10) components of the state function of the

condensate in an F0/S/F structure in P and AP magnetic states with the drift

in the parameter p taken into account.

902 Low Temp. Phys. 42 (10), October 2016 V. N. Kushnir and M. Y.. Kupriyanov

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  128.141.180.22 On: Tue, 29 Nov 2016

09:02:37

Би
бл
ио
те
ка

 БГ
УИ
Р



asymptotic dependence as the thickness of the F-layer is

increased (Fig. 3). Thus, each value of Tc measured for

dF � fF is essentially asymptotic, but it does drift because

of the increased rates of electron pair diffusion through the

S-F interface owing to the reduction in the resistivity qF

(Fig. 2). The large values of qFðdFÞ (throughout the entire

range of variation) and the low transparency of the S-F inter-

face mean that superconductivity is weakly suppressed in the

S-layer (Figs. 3(a) and 4(a)) and the critical temperatures of

the structure are high; this explains the observability of the

effect.

The experiments,28 therefore, were a direct measurement

of the dependence of the critical temperature and the magni-

tude of the SV effect on the parameter that determines the

rate of diffusion through the S-F interface. In order to obtain

more complete information on this process, let us examine

the “evolution” of the state function with varying dF (i.e.,

qF). Figures 3(a), 3(b), 4(a), and 4(b), reflect the direct

dependence of the critical temperature of an F0/S/F structure

with a thick S layer and almost semi-infinite F-layers in the

P state on the relationship between the s10- and s0-

components of the superconducting condensate and may

illustrate the result of processes leading to the generation of

triplet pairs and the destruction of singlet pairs as the diffu-

sion rate increases. Furthermore, in Figs. 3(a), 3(c), and 4(a),

we can see that the singlet component is almost insensitive

to inversion of the magnetic moments of the F layers. The

triplet state, on the other hand, rapidly changes the configu-

ration. First, during P! AP transitions it reaches zero in the

S-layer (a general property, valid for any number of double

layers). In particular, for a symmetric F/S/F structure the

function U�ðzÞ transforms from symmetric to antisymmetric

(this is easily proved by the matrix method4). Second, the

fraction of the triplet component in the S-layer for the AP
state is less than for the P state. Third, as Figs. 3(d) and 4(c)

show, the triplet component in the AP state is much more

stable with respect to perturbations at the S-F interface. This

explains the gradual divergence of the TcPðdFÞ and TcAPðdFÞ
characteristics with increasing dF (or q).

6. Conclusion

An analysis of experimental data on the spin-valve effect

in epitaxial Nb/Ho structures based on an exact solution of

the Usadel equations shows the following: the observed

“quasi-S/N” dependences of the critical temperature on the

thickness of the ferromagnetic layer, as well as the magni-

tude of the effect, are caused by drift in the parameters of the

structure as the thickness of the ferromagnetic layer is var-

ied. Calculations of the state function have been used to

study the influence of the generation of the triple component

of the superconducting condensate on the critical tempera-

ture. For a detailed quantitative analysis of the effect of pro-

cesses at the S-F boundary, the experiments on structures in

the Nb/Ho system will have to be supplemented by appropri-

ate measurements.
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