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Annoranus. Cratbs mocBsimieHa ycioBuio  R-perymspHoctd  (Error Bound Property) B 3amauax
MaTeMaTU4ECKOro0 MpOrpaMMUpOBaHMs. J[aHHOE YCIOBHE HUIPacT BaXKHYD pPOJb B AaHAIM3E€ CXOAUMOCTH
YHCJICHHBIX aJTOPUTMOB ONTUMM3ALUH M SBISIETCS JOCTATOYHO OOLIMM YCIOBHEM pETyJIsIpHOCTH (constraint
qualification) B 3a7a4ax MaTeMaTHYECKOrO0 MPOTpaMMHpPOBaHUs. B craTbe Momy4aloTcsi HOBBIE J1OCTATOYHBIC
YCIIOBHS HAINYMS R-peryasipHOCTHU B 3a7a4aX MaTeMaTHYECKOTr O IPOrpaMMHUPOBAHNS.

Kniouesvie cnosa: mareMaTnueckoe IpoOrpaMMHpPOBAHKE, YCIIOBUS PETYISIPHOCTH, error bound.

Abstract. The article is devoted to the condition of R-regularity (Error Bound Property) in problems
of mathematical programming. This condition plays an important role in analyzing the convergence
of numerical optimization algorithms and it is a fairly general condition of regularity (constraint qualification)
in problems of mathematical programming. The article obtains new sufficient conditions for the presence
of R-regularity in problems of mathematical programming.
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1. Beenenue

Paccmorpum cranmapTHyto 3amauy (P) MaTeMaTH4ecKOoro IporpaMMHpPOBaHUSI:

fy)— inf
ye C={yeR" | h(»)<0 iel, h(y)=0 icl},

rae I={1,....,s}, Ip={s*1,...,p}, u Bce dyakmuu fy), h(y) i=1,....,p IpEANONATAIOTCS HEMPEPHIBHO
i depeHIpyeMbIMU.
Honoxum I(y)={iel | h{y)=0 }. Bynem o6o3nauaTs yepe3

To(y)={ y eR" |3 nocnenosatensroctH 40 u y*— y taxue, uro y+4,y*eC Vk=1.2,..},
Ccy)={ y eR" [{Vh(y),y)<0 iel(y),(Vh(y),y)=0 icl}

COOTBETCTBEHHO KacaTelIbHBIH KOHYC W JIMHEapH30BaHHBIN KacaTelbHBIH KOHYC K MHOXecTBy C
B Touke yeC. Yepes d (y) Oynem 0003Ha4aTh paccTOSHUE OT TOUKH ¥ 10 MHOxecTBa C.

Hauunas c¢ ¢yngamentanbHOil pabotel Xoddmana [1], ycmoBuro R-peryisipHOCTH (error
bound property) HOCBsILIEHB] MHOTOYHUCIICHHBIE MyOauKauuu [2—7].

Onpenenenne 1 ([2]). MuoxectBo C Ha3pBalOT R-perymspusiM B Touke }'eC, eciu
HaiinyTes umcno M>0 u okpectHocts V()°) Takme, uto do(y)<M max{0,h(y) icl, |h(y)| ik}
st Beex ye V().

[TockoneKy ycnoBuEe R-perymsapHOCTH HrpaeT Ba)KHOE 3HAUYCHHE KaK B KauecTBE YCIIOBHS
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PETYISIPHOCTH, 00ECIEYNBAIOIIETO CIIPABEJIMBOCT HEOOXOJUMBIX YCIOBUH onTUMansHOcTH KyHa-
Takkepa (cM., Hampumep, [8]), Tak U B KauecTBe YIOOHOTO CpeACTBa AJISl aHAIM3a CXOJUMOCTH
YHUCICHHBIX AITOPUTMOB ONTHMHU3AIMH, MPEACTABISCT HHTEPEC BBIBOJ IOCTATOYHBIX YCIOBHH,
TapaHTUPYIOIINX €ro BBHIMOJHEHHE B KOHKPETHBIX 3afgadax. CyIIecTBYIOT pa3iU4YHBIC MOIAXOIBI K
MOJYYEHHIO TAaKOro poja AOCTaTOYHBIX ycioBwid. B [3] maHHBIE YCIOBHS MONYdYaloTCsl B TEPMUHAX
cyomuddepenunanos, B [4, 5] ycnoBust R-peryaspHOCTH JOKa3bIBAIOTCS HA OCHOBE MOMYYEHHOMU B [4]
YaCTUYHOW OrpaHWYCHHOCTH MHOXKECTBa MHOXuTesner Jlarpamxa B R-perynsipHeIx Todkax. B psage
paboT NPOBOAWTCS aHAM3 CYIIECTBYIOIIMX VYCIOBUW PpEryIsIpHOCTH W JIOKa3bIBaeTCs, YTO
R-perynsipHOCTb BBITEKAET M3 HEKOTOPBIX APYIHMX M3BECTHBIX YCIOBUU peryisipHOCTH. B wacTHOCTH,
u3 pabot [2,4,5,7] cinemyeT, 4TO yCIOBHE R-PEryisipHOCTU SBIISETCA PE3YJIBTATOM BBIOIHEHUS
ycnoBusi ManracapsiHa-®pomosunia (MFCQ) [9], ycnoBus noctosHHOro pasra [10], ocnabieHHoro
ycaoBusi moctosHHOro panra (RCRCQ)[4], ycnoBust KBasuHopManbHOCTH [11], ocnabieHHOro
ycaoBust Manracapsna-®pomosuna (RMFCQ) [6, 7).

BwMmecte ¢ Tem Hanbonee oOmIe yCIOBUS PEryIspHOCTH (POPMYIUPYIOTCS HEMOCPEICTBEHHO
B TEPMHHAX KacaTeNbHBIX KOHYCOB K MHOXECTBY JAOMYCTHMBIX TOYeK. TakuM YCIOBHEM
PETYISIPHOCTH SIBISACTCA ycloBue peryiasipHocta Abaau (4CQ), KoTopoe 3aKIIiovaercs B COBINAACHUH
koHycoB T¢(y) u ['c(y). UzBecTHO, uTO BHINIONHEHHE YCIOBUA peryisipHocTH Abaau B Touke yeC He
BJIEYET CHPABEIMBOCTh B 3TOW TOUKE YCIIOBHA R-perynspHocTH. Llenbio HacTosIIel CTaThby SBISETCS
JOKa3aTEeNbCTBO JAOCTATOYHBIX YCJIOBUH R-pPErylapHOCTH, OCHOBAaHHBIX Ha YCIIOBUH PErYJISPHOCTU
AGamu. Hixe B paGoTe NPHHATHI CTAHAAPTHBIE 0003HaueHNs: K — MONAPHBINA KOHYC Ul KoHyca K,
(y,V) — CKaJsIpHOE TIPOM3BE/ICHUE BEKTOPOB ) H V.

2. JlocTaTo4HOeE yCJIOBHE R-peryJisipHOCTH

Iycts )’ eC n K — Hexotopoe MHOXKecTBO HHzekcos 13 1()°). Tonoxim C(K)={ yeR" |h{y)<0 ieK ,
h{»)=0 iel,}. IIpu stoM C(K)=C, ecnut K=1()"). COOTBETCTBEHHO,

Tew(")= {7 eR" | (Vh(), 7)<0 ieK ,(Vh("),7)=0 ik}

Iycts [1c(v) — mHOKecTBO Touek u3 C, Gmmkaimux Kk Touke v U ye[lc(v). Torma mro6oit
BeKTOp A(v—y) pu A>0 Ha3pIBaeTCs MPOKCUMaIbHOI HOpMaibio K C B Touke y [12]. MHOXecTBO Bcex
IPOKCHMANBHBIX HOpMalteit B Touke 1’ € C 06pasyior koHyc N p 0°).

IIycte re(0,+). Cnenysa[13], Oymem Ha3piBaTh MHOXeCTBO C pPaBHOMEPHO 7-prox-
perynsapbiM B Touke y'€C, eclu cymmecTByeT okpectHocTh V(") 1aHHOI TOUKH Takas, YTO HPH BCEX
0+ v € N2 (") cnpasenmso

2

%’y—f Sé|y—y°| (1)
mis Beex yeCAV(Y). TIpu 3TOoM yYCIOBHO HpHHMMaercs, uto 1/r=0 mpu r=+w, U r-prox-
Pery/IspHOCTb PABHOCHIIBHA BHITYKIOCTH C B OKPECTHOCTH ) IIPH 7= 00,

PaBHOMepHas r-prox-perymspHocts C B Touke e C 03HAYAET, UTO B HEKOTOPOIl OKPECTHOCTH
v—y )
[v=yl

Kak roopuinock Beime, ycnoBue ACQ s MHOxectBa C HE SBISETCS JOCTATOYHBIM
YCIIOBUEM AJIA R-perynsipHOCTH 3TOro MHoxKecTBa. Criemyrolas TeopeMa MOKa3bIBaeT, OJHAKO, YTO
IIPU YCIIOBUU PABHOMEPHOH r-prox-peryisipHoctd C COBOKYMHOE BbINONHEHHE yciaoBusi ACQ g
Bcex MHOXKecTB C(K) mocraTtouHo amnst R-perynsipaoctu C.

nannoit Touku u3 [ [ (v) cnenyer yellc (+r

Teopema 1. ITycts C paBHOMEpHO r-prox-perymsipao B Touke y'eC u T, C(K)(yo) =FC(K)(yO)
s moboro K < I(°). Torna muoxkectBo C R-perymsipHo B )’

ﬂoxammeﬂbcmeo.

1. OueBUHO, JOKAa3bIBAEMOE YTBEPKICHUEC BEPHO, €CIU yO SIBJISICTCSI BHYTPEHHEH TOUKOM
mHoxectBa C. Ilycth yO nexut Ha rpanune C. [Ipeamonoxkum, uto MHOXKecTBO C HE SBISICTCS
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. o k k
R-perynspHeIM B AaHHOH TOuke. DTO O3HAYaeT, YTO HaWjercd mociaepoBatensHocTe v —C, v eC
TaKas, 4To

dc(W)>k max{0, k(") iel, |h(Y)| iel} )
oaa Beex k=1,2,... .
Oycts Y=y e[lc(f). Tomoxum — v* = (vk -y )|vk -y |71 , k=12,... Torma

| V- yk | < ’ V- y0| U, CII€OOBATEILHO, yk - yo.

T[ToCKONBbKY MHOKECTBO HHIEKCOB /(') MOXeT MpMHMMATH TONBKO KOHEYHOE MHOXKECTBO
3HAYeHUH, TO ero, He OrpaHUYMBasi OOLIHOCTH, MOXKHO CUMTATh HE H3MEHSIOIIUMCSA, TO €CTh
10" =KcI("), rae K ne 3asucur ot °. Torna h(y")=0 icK u h(*)<0 icI\K, npuuem BcieacTBHE
HempepbIBHOCTH (DyHKLMI h; Haiimercs okpectHocTh V()') Takas, uto hi(y)<O0 iel\K mis Bcex
yeV("). To ectb, h(y)<0 yeK mupu yeCK) u h(y)<0 yel\K upu yel(y"), orkyna
V0NN CK)c C. Orcroma de(V)=de(V) n, 3maumr, y*ellew(V"). Beumy orpanuueHHOCTH
HOCIEN0BATENLHOCTH { V¥ } cuntaeM ee cxopasueiics, To ectb v' —> v . Torna us (2) cnemyer:

de (V) >kmax{0, (") i€k, | (") | iel},

H, CJICA0OBATCIIBHO

|V =y | > kmax {0(VA(F5),/ -1y iek,

VRV =M| iel),

rae V=141, /-1%), 0<1,<1. Orcrona %>max{0,<Vhi(\7ik),\7k> ieK, |(Vh(3*),v")| iel},

u, crenosatensHo, max{ 0,(VAa,(°), v ) i€k, [(Vh( ), v ) | iel} <0.
Tocnennee o3Hayaer, uto v € Le()).
2. TIoCKONBKY TIPH JOCTATOYHO GONBIIMX k mpoekiuu V' Ha C SABIAIOTCA M TPOEKIMAMH
2

na C(K), To mis mo6oro y eC(K), B cuiy (2), monydnm <f—yk,\7k> Sziﬁ—yk , OTKyJa MOCIie
r

~ IR e ~
nepexojia K mpeaeny cleayer <y —y°,v> < 2—|y —y°|2 s Beex v € C(K).
r
Iycte yeT C(K)(yo). Torma cymiecTBYIOT mocinemoBatensHoctd 440 u y'— 7y Takue,
_ o\ 1= -
aro y'+1, y'e C(K) mns Beex [=1,2,... . Otciona <yl,v> < 2—tl|yl|2 U, CIIeJI0BATENBHO, { J,V Y<0 aus
r

BeeX ¥ € Tou(’). Tlockombky B cmity ycioBus TeopeMbl Teu(V’) =T, 10 v € [Ceun())]
Kak nokazano B nepBoi JacTH JIOKa3aTeNIbCTBA, = FC(K)(yO). CrenoBaTtelsHO,
Ve [FC(K)(yO)]* N [FC(K)(yO)]*, YTO HEBO3MOXHO, MOCKOIbKY v #0. V3 monydyeHHOro mpoTHBOpEYHs
crenyer, 4To MHOKecTBO C R-peryispHo B Touxe ).

CaencrBue 1. Ecniu B ompenenennn muHoxectBa C h(y)={(a.,y)+b; npu Bcex ielUl,,
10 MHOXecTBO C R-perynspHo B mo6oit Touke y’e C.

Crenyromuii mpuMmep MOKa3bIBaeT, YTO TeopeMa | TMO3BONSET J0Ka3aTh R-peryispHOCTb
MHOKECTB, JUII KOTOPBIX HE BBITIONHSIOTCS] H3BECTHBIE JOCTATOYHBIE YCIOBUS PErysipHOCTH [6—16].

Mpumep 1. Iycts 71,(0)=1— 2 — (12— 1)*<0, h(y)=1— y2 —(1,+1)°<0, 1°=(0,0)".

MuoxectBo C paBHoMepHO 1-prox-perymspro B y’. Herpymso y6emurses, uto mist C B y
He Bemonusercs yenoue MFCQ. Touno Tak ke He BoimonHsAoTes yenosue RCRCQ, yenoBue RMFCQ
W yCIIOBUE KBa3MHOPMAaJbHOCTH. boiee Toro, He BBINONHEHBI AocTaTouHble ycnosus [3]. OmHako
muoxkectBa  C(K)={yeR’ | l—yl2 ~(-1)’<0} mpn K={1} uCK)={yeR’ | 1-y; —(+1)*<0}
npu K,= {2} ynoenersopsior ycrnosuo ACQ B touke ). A s MHOkecTBa C B ) BBINOIHEHO YCIOBHE
T(y*)=T'«(y"). Taxum o6pazom, C R-peryspHo B Touke ) coracHo Teopeme .

[IpoBepuM  nmaHHOE  YTBEp)KACHUE,  HCHONB3YS  HEMOCPEACTBEHHO  OIpeelieHHe
R-perynspuocTi. BossMeM 3Hauenue v=(v;,1,), moctatouHo 6mmskoe K )’ M Takoe, uto v,>0.

0
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2 2
v, +V,

HerpynHo mnpoBeputh, uTO B TakoM ciaydae d.(v)=1- \/1 —2v, + (V) + V) <v, - S

max {0, h;(v), (V) } =2v,— (v + v3).

0 T "
To ects, ycnoBue R-peryisipHocTH B Touke )y =(0,0)" BBIMOMHSETCS B JOCTATOYHO MAJIOH

okpecTHOCTH )" C TIOCTOSIHHOM M=2. AHATOTHYHbIH Pe3yIbTaT IOTYdaeTCs B CIydae v, < 0.
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