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The theory of a P-asymmetric spin 1/2 fermion with three mass parameters is developed. It is
based on 20-component representation of the Lorentz group. Starting with the Gel’fand - Yaglom
approach, we derive a spin-tensor form of a generalized wave equation. In absence of external
electromagnetic fields, the system of equation can be transformed to the form of three separate
P-asymmetric Dirac-like equations for bispinor wave functions with different masses. The values
of masses values vary within some freedom, determined by parameters of the model. In presence
of external electromagnetic fields, three bispinors turn out to be linked into the unified system
of equations. If the scalar curvature of the space differs from zero, then between three bispinor
components there arises additional terms of geometrical interaction. Extension of the theory to
General relativity is performed, at this there arises additional interaction term through Ricci scalar
function. The model for P -asymmetric fermion fermion with three mass parameters allows for
restriction to Majorana case.

The next step should be the development of a model accounting for both P-symmetric and P-
asymmetric.

I. INTRODUCTION

In the present time, existence of small but not vanishing masses for neutrinos is an the experimentally established
fact, this is proved by neutrino oscillation effect. Historically, in the time when a postulation basis for the relativistic
wave equations theory was created (for more detail see in [1–3]), it was believed that any correct wave equation must
be invariant with respect to both proper Lorentz group and spacial reflection (so-called P -invariance was assumed as
obligatory. However, later it was established that in processes with neutrinos, for instance in β-decay, the conservation
low for P -parity may not be valid. Therefore, we can expect that when describing neutrinos within conventional
theory the requirement of P -invariance may be ignored. In any case, it should be helpful to have studied various
P -noninvariant models In the present paper, we will study a possibility within the general Gel’fand–Yaglom approach
to construct a relativistic wave equation which describes a particle with single value of spin, S = 1/2, and spectrum
of masses (three mass parameters). This complicated wave equation is considered as relevant to describing a triple
generation of neutrinos, being considered as a unified physical object. This equation is asymmetric with respect to
the operation of spacial P -reflection. Also see some related studies in [4–15].
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II. GEL’FAND – YAGLOM FORMALISM

In order to develop an P -asymmetric model for a spin 1/2 particle with three mass parameters, we start with the
following set of irreducible representations of the Lorentz group (see notations in [...])
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or numerating representations by Arabic numerals 1, ..., 6: T = 1⊕ 2⊕ 3⊕ 4⊕ 5⊕ 6,
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The corresponding linking scheme has the structure
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| |
6− 5
| |
3− 4 .

(II.3)

Basis vectors of the space are divided in five groups (see in [...])
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(II.4)

The matrix Γ4 of the relevant 1-st order wave equation may have the structure

Γ4 =

∣∣∣∣∣ C(1/2)
4 0

0 C
(3/2)
4

∣∣∣∣∣ , (II.5)

where the possible spin blocks C
(1/2)
4 and C

(3/2)
4 may read as follows

C(1/2) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 c
1/2
12 0 0 0 0 0 0 0 c

1/2
16 0

0 0 0 c
1/2
12 0 0 0 0 0 0 0 c

1/2
16

c
1/2
21 0 0 0 0 0 0 0 c

1/2
25 0 0 0

0 c
1/2
21 0 0 0 0 0 0 0 c

1/2
25 0 0

0 0 0 0 0 0 c
1/2
34 0 0 0 c

1/2
36 0

0 0 0 0 0 0 0 c
1/2
34 0 0 0 c

1/2
36

0 0 0 0 c
1/2
43 0 0 0 c

1/2
45 0 0 0

0 0 0 0 0 c
1/2
43 0 0 0 c

1/2
45 0 0

0 0 c
1/2
52 0 0 0 c

1/2
54 0 0 0 c

1/2
56 0

0 0 0 c
1/2
52 0 0 0 c

1/2
54 0 0 0 c

1/2
56

c
1/2
61 0 0 0 c

1/2
63 0 0 0 c

1/2
65 0 0 0

0 c
1/2
61 0 0 0 c

1/2
63 0 0 0 c

1/2
65 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (II.6)

C(3/2) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 c
3/2
56 0 0 0 0 0

0 0 0 c
3/2
56 0 0 0 0

c
3/2
56 0 0 0 0 0 0 0

0 c
3/2
56 0 0 0 0 0 0

0 0 0 0 0 0 c
3/2
56 0

0 0 0 0 0 0 0 c
3/2
56

0 0 0 0 c
3/2
56 0 0 0

0 0 0 0 0 c
3/2
56 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= I2 ⊗

∣∣∣∣∣∣∣∣∣
0 0 c

(3/2)
56 0

0 0 0 c
(3/2)
56

c
(3/2)
65 0 0 0

0 c
(3/2)
65 0 0

∣∣∣∣∣∣∣∣∣ .
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(II.7)

???? From general theory also follow two restrictions c
3/2
56 = 2c

1/2
56 , c

3/2
65 = 2c

1/2
65 , therefore the block C(3/2) reads

C(3/2) = 2I2 ⊗

∣∣∣∣∣∣∣∣∣
0 0 c

1/2
56 0

0 0 0 c
1/2
56

c
1/2
65 0 0 0

0 c
1/2
65 0 0

∣∣∣∣∣∣∣∣∣ .
Exclusion spin 3/2 from the model leads to restrictions

c
(3/2)
56 = c

(3/2)
65 = 0 =⇒ c

(1/2)
56 = c

(1/2)
65 = 0 , C(3/2) = 0 .

Correspondingly, the block C(1/2) takes on the form (it is convenient to decompose it into the sum of two terms, in
fact separating P -symmetric and P -asymmetric parts)

C(1/2) =
1

2

∣∣∣∣∣∣∣
c
(1/2)
12 + c

(1/2)
21 0 c

(1/2)
16 + c

(1/2)
25

0 c
(1/2)
34 + c

(1/2)
43 c

(1/2)
36 + c

(1/2)
45

c
(1/2)
52 + c

(1/2)
61 c

(1/2)
54 + c

(1/2)
63 0

∣∣∣∣∣∣∣⊗ γ4 +

1

2

∣∣∣∣∣∣∣
c
(1/2)
12 − c

(1/2)
21 0 c

(1/2)
16 − c

(1/2)
25

0 c
(1/2)
34 − c

(1/2)
43 c

(1/2)
36 − c

(1/2)
45

c
(1/2)
52 − c

(1/2)
61 c

(1/2)
54 − c

(1/2)
63 0

∣∣∣∣∣∣∣⊗ γ5γ4. (II.8)

Further, by simplicity reason, we exclude completely the P -symmetric components, so obtaining

C(1/2) = −i

∣∣∣∣∣∣∣
c
(1/2)
12 0 c

(1/2)
16

0 c
(1/2)
34 c

(1/2)
36

c
(1/2)
52 c

(1/2)
54 0

∣∣∣∣∣∣∣⊗ (iγ5γ4) , (iγ5γ4)
2 = I. (II.9)

We will apply the following representation of the Dirac matrices

γ1 =

∣∣∣∣∣∣∣
0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

∣∣∣∣∣∣∣ , γ3 =

∣∣∣∣∣∣∣
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

∣∣∣∣∣∣∣ , γ2 =

∣∣∣∣∣∣∣
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

∣∣∣∣∣∣∣ , γ4 =

∣∣∣∣∣∣∣
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∣∣∣∣∣∣∣ , γ5 = γ1γ2γ3γ4 =

∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣ .
It will be convenient to use the shortening presentation of the block (II.9):

C(1/2) =

∣∣∣∣∣∣
b1 0 b2
0 b3 b4
b5 b6 0

∣∣∣∣∣∣⊗ (iγ5γ4) , (iγ5γ4)
2 = I . (II.10)

Let us find the characteristic equation for block C(1/2), that is

λ3 − λ2(b1 + b3) + λ(b1b3 − b2b5 − b4b6)− (b2b3b5 + b1b4b6) = 0 . (II.11)

Evidently, we have three constraints for the roots:

b2b3b5 + b1b4b6 = −λ1λ2λ3, b1 + b3 = λ1 + λ2 + λ3 ,

b1b3 − b2b5 − b4b6 = λ1λ2 + λ1λ3 + λ2λ3 .
(II.12)

Now, we are to get restrictions related to existence of a matrix of the invariant bilinear form:

η(1/2) =

∣∣∣∣∣∣
a 0 0
0 b 0
0 0 c

∣∣∣∣∣∣⊗ iγ5γ4 ; . (II.13)
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where a, b, c may take the values (±1). The basic constraint on the matrix η(1/2) reads

η(1/2)C(1/2) = [η(1/2)C(1/2)]+ ,

whence it follows ∣∣∣∣∣∣
ab1 0 ab2
0 bb3 bb4
cb5 cb6 0

∣∣∣∣∣∣ =
∣∣∣∣∣∣
ab∗1 0 cb∗5
0 bb∗3 cb∗6
ab∗2 bb∗4 0

∣∣∣∣∣∣ ,
so we get possible solutions:

ab1 = ab∗1, bb3 = bb∗3 =⇒ b1 = b∗1, b3 = b∗3;

ab2 = cb∗5, cb5 = ab∗2 =⇒ b5 = fb∗2, f = ±1 ;

bb4 = cb∗6, cb6 = bb∗4 =⇒ b6 = gb∗4, g = ±1 ;

(II.14)

in general, parameters b2, b5, b4, b6 may be real or complex

III. RELATIONS BETWEEN CANONICAL, SPINOR, AND GEL’FAND – YAGLOM BASES

As shown above in Gel’fand – Yaglom basis, the (20×20)-matrix Γ
(GY )
4 of the generalized equation has the structure

Γ
(GY )
4 =

∣∣∣∣∣∣∣
B1 0 B2 0 0
0 B3 B4 0 0
B5 B6 0 0
0 0 0 0 0

∣∣∣∣∣∣∣ , Bi =

∣∣∣∣∣∣∣
0 0 bi 0
0 0 0 bi

−bi 0 0 0
0 −bi 0 0

∣∣∣∣∣∣∣ , i = 1, 2, 3, 4, 5, 6 (III.1)

We will need the listing of all components of the wave function in three bases, Gel’fand – Yaglom,canonical, and
spinor ones:

ΨGY =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ
(1)

1/2,+1/2

ψ
(1)

1/2,−1/2

ψ
(4)

1/2,+1/2

ψ
(4)

1/2,−1/2

ψ
(2)

1/2,+1/2

ψ
(2)

1/2,−1/2

ψ
(5)

1/2,+1/2

ψ
(5)

1/2,−1/2

ψ
(3)

1/2,+1/2

ψ
(3)

1/2,−1/2

ψ
(6)

1/2,+1/2

ψ
(6)

1/2,−1/2

ψ
(3)

3/2,+3/2

ψ
(3)

3/2,−3/2

ψ
(6)

3/2,+3/2

ψ
(6)

3/2,−3/2

ψ
(3)

3/2,+1/2

ψ
(3)

3/2,−1/2

ψ
(6)

3/2,+1/2

ψ
(6)

3/2,−1/2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, Ψcanon =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ
(1)

(0,+1/2)

ψ
(1)

(0,−1/2)

ψ
(4)

(+1/2,0)

ψ
(4)

(−1/2,0)

ψ
(2)

(0,+1/2)

ψ
(2)

(0,−1/2)

ψ
(5)

(+1/2,0)

ψ
(5)

(−1/2,0)

ψ
(3)

(+1,+1/2)

ψ
(3)

(0,+1/2)

ψ
(3)

(−1,+1/2)

ψ
(3)

(+1,−1/2)

ψ
(3)

(0,−1/2)

ψ
(3)

(−1,−1/2)

ψ
(6)

(+1/2,+1)

ψ
(6)

(+1/2,0)

ψ
(6)

(+1/2,−1)

ψ
(6)

(−1/2,+1)

ψ
(6)

(−1/2,0)

ψ
(6)

(−1/2,−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, Ψspin =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(ψ(1))1̇

(ψ(1))2̇

(ψ(4))1

(ψ(4))2

(ψ(2))1̇

(ψ(2))2̇

(ψ(5))1

(ψ(5))2

(ψ(3))1̇(11)

(ψ(3))1̇(12)

(ψ(3))1̇(22)

(ψ(3))2̇(11)

(ψ(3))2̇(12)

(ψ(3))2̇(22)

(ψ(5))1̇1̇1

(ψ(5))1̇2̇1

(ψ(5))2̇2̇1

(ψ(5))1̇1̇2

(ψ(5))1̇2̇2

(ψ(5))2̇2̇2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(III.2)
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The first two are related by the following linear transformation ΨGY = BΨcanon, Ψcanon = B+ΨGY ,

B =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

I4 0 0 0 0
0 I4 0 0 0

0 0

0 −
√

1
3

0
√

2
3

0 0 −
√

2
3

0

0 0 0 0
0 0 0 0

0 0 0 0√
1
3

0 0 0

0 0 0
√

1
3

0 0 0 0

0 0 0 0
0 0 0 0

0 −
√

2
3

0 0√
2
3

0 −
√

1
3

0

0 0

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

0 0

1
√

2
3

0
√

1
3

0 0
√

1
3

0

0 0 0 0
0 0 0 0

0 0 0 0√
2
3

1 0 0

0 0 1
√

2
3

0 0 0 0

0 0 0 0
0 0 0 0

0
√

1
3

0 0√
1
3

0
√

2
3

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Relation between the second two bases is given by Ψcanon = AΨspin, Ψspin = A−1Ψcanon, where

A =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

I4 0 0 0 0
0 I4 0 0 0

0 0

1 0 0 0

0
√
2 0 0

0 0 1 0
0 0 0 1

0 0

0 0 0

√
2 0 0 0
0 1 0 0
0 0 1 0

0 0 0
√
2

0

0 0 0 0

1 0 0 0
0 1 0 0

0 0
√
2 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
After performing needed calculation we get for the matrix Γspin

4 the following form (the matrix is written down by
columns, 2+3):

Γspin
4 = i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 b1 0
0 0 0 b1

−b1 0 0 0
0 −b1 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 b3 0
0 0 0 b3

−b3 0 0 0
0 −b3 0 0

0 0 0 0

0 0 −b5/
√
6 00

0 0 −b5
√

2/3 0

0 0 b5
√

2/3 0

0 0 0 0

0 0 −b6/
√
6 00

0 0 −b6
√

2/3 0

0 0 b6
√

2/3 0

0 0 0 b5/
√
6

0 0 0 0
0 0 0 0

−b5/
√
6 0 0 0

0 0 0 b6/
√
6

0 0 0 0
0 0 0 0

−b6/
√
6 0 0 0

0 −b5
√

2/30 0

b5
√

2/3 0 0 0

0 b5/
√
6 0 0

0 0 0 0

0 −b6
√

2/30 0

b6
√

2/3 0 0 0

0 b6/
√
6 0 0

0 0 0 0
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0 0 0 0
0 0 0 0

0 b2

√
2
3

0 −b2
√

2
3

0 0 b2

√
2
3

0

0 0 0 b2

√
2
3

0 0 0 0
0 0 0 0

−b2
√

2
3

0 0 0

0 −b2
√

2
3

0 0

b2

√
2
3

0 −b2
√

2
3

0

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 b4

√
2
3

0 −b4
√

2
3

0 0 b4

√
2
3

0

0 0 0 b4

√
2
3

0 0 0 0
0 0 0 0

−b4
√

2
3

0 0 0

0 −b4
√

2
3

0 0

b4

√
2
3

0 −b4
√

2
3

0

0 0 0 0
0 0 0 0

0 0 0

0 0 0

0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Then we find expression for Γ4Ψ (the label of spin basis is omitted)

Γ4Ψ = i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[
b1

1
i (σ

4)ȧbψb +
√

2
3b2

1
i (σ

4)c
ḃ
ψ
(ȧḃ)
c

]
−
[
b1

1
i (σ

4)aḃψ
ḃ +

√
2
3b2

1
i (σ

4)bċψ
ċ
(ab)

]
[
b3

1
i (σ

4)ȧbψ′
b +

√
2
3b4

1
i (σ

4)c
ḃ
ψ
(ȧḃ)
c

]
−
[
b3

1
i (σ

4)aḃψ
′ḃ +

√
2
3b4

1
i (σ

4)bċψ
ċ
(ab)

]
− 1√

6

[
b5

1
i

(
(σ4)ȧbψc + (σ4)ȧcψb

)
+ b6

1
i

(
(σ4)ȧbψ

′
c + (σ4)ȧcψ

′
b

)]
1√
6

[
b5

1
i

(
(σ4)ḃaψ

ċ + (σ4)ċaψ
ḃ
)
+ b6

1
i

(
(σ4)ḃaψ

′ċ + (σ4)ċaψ
′ḃ
)]

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (III.3)

IV. SYSTEM OF SPINOR EQUATIONS

In accordance with results of previous section, we have the following system of equations in spinor form:

i

(
b1∂

ȧbψb +

√
2

3
b2∂

c
ḃ
ψ(ȧḃ)
c

)
+mψȧ = 0, (IV.1)

−i

(
b1∂aḃψ

ḃ +

√
2

3
b2∂

b
ċψ

ċ
(ab)

)
+mψa = 0, (IV.2)

i

(
b3∂

ȧbψ′
b +

√
2

3
b4∂

c
ḃ
ψ(ȧḃ)
c

)
+Mψ

′ȧ = 0, (IV.3)

−i

(
b3∂aḃψ

′ḃ +

√
2

3
b4∂

b
ċψ

′ċ
(ab)

)
+mψ′

a = 0, (IV.4)

− i√
6

[
b5
(
∂ȧbψc + ∂ȧcψb

)
+ b6

(
∂ȧbψ

′
c + ∂ȧcψ

′
b

)]
+Mψȧ

(bc) = 0, (IV.5)

i√
6

[
b5

(
∂ ḃaψ

ċ + ∂ ċaψ
ḃ
)
+ b6

(
∂ ḃaψ

′ċ + ∂ ċaψ
′ḃ
)]

+Mψ(ḃċ)
a = 0. (IV.6)

Let us introduce spin-vectors, ψµb and ψḃ
µ:

ψȧ = σµȧbψµb, ψa = σµ

zḃ
ψḃ
µ, ψ(ȧḃ)

c =
1

2
(σµȧ

c ψḃ
m + σµḃ

c ψȧ
m), ψċ

(ab) =
1

2
(σµċ

a ψbµ + σµċ
b ψaµ), (IV.7)
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below instead of the prime we will use the symbol of zero: ψ
′ȧ = ψȧ

0 , ψ
′
a = ψa0 . Taking in mind (IV.7), eq. (IV.1)

can be re-written as

i

[
b1∂

ȧbσµ
bċψ

ċ
µ +

1

2

√
2

3
b2∂

c
ḃ

(
σµȧ
c ψḃ

m + σµḃ
c ψȧ

m

)]
+mσµȧbψµb = 0 ,

or

i

[
b1∂

ȧbσµ
bċψ

ċ
µ +

√
1

6
b2

(
−∂ ḃcσµ

cḃ
ψȧ
µ − σµȧc∂cḃψ

ḃ
µ

)]
+mσµȧbψµb = 0 .

Allowing for the identity

−∂ ḃcσµ

cḃ
ψȧ
µ = −∂νσḃc

ν σ
µ

cḃ
ψȧ
µ =

2

i
∂µψ

ȧ
µ

the last equation is presented as

i

[
b1∂

ȧbσµ
bċψ

ċ
µ +

√
1

6
b2

(
2

i
∂µψ

ȧ
µ − σµȧc∂cḃψ

ḃ
µ

)]
+mσµȧbψµb = 0 . (IV.8)

In similar manner, from eq. (IV.2) it follows

−i

[
b1∂aḃσ

µḃcψµc +

√
1

6
b2

(
2

i
∂µψµa − σµ

aċ∂
ċbψµb

)]
+mσµ

aḃ
ψḃ
µ = 0 . (IV.9)

In the same manner, from eqs. (IV.3) and (IV.4) we derive

i

[
b3∂

ȧbψb0 +

√
1

6
b4

(
2

i
∂µψ

ȧ
µ − σµȧc∂cḃψ

ḃ
µ

)]
+Mψȧ

0 = 0 , (IV.10)

−i

[
b3∂aḃψ

ḃ
0 +

√
1

6
b4

(
2

i
∂µψaµ − σµ

aċ∂
cḃψµḃ

)]
+Mψa0 = 0 . (IV.11)

Now let us turn to eq. (IV.6), re-written in the form

i√
6

[
b5

(
∂ ḃaψ

ċ + ∂ ċaψ
ḃ
)
+ b6

(
∂ ḃaψ

′ċ + ∂ ċaψ
′ḃ
)]

+mψ(ḃċ)
a = 0 ,

whence taking in mind (IV.7) we get

i√
6

[
b5

(
∂ ḃaσ

µċnψnµ + ∂ ċaσ
µḃnψnµ

)
+ b6

(
∂ ḃaψ

ċ
0 + ∂ ċaψ

ḃ
0

)]
+
M

2

(
σµḃ
a ψċ

µ + σµċ
a ψḃ

µ

)
= 0

Let us multiply this equation by σλa
ḃ
:

i√
6

[
b5

(
σλa
ḃ
∂ ḃaσ

µċnψnµ + σλa
ḃ
∂ ċaσ

µḃnψnµ

)
+ b6

(
σλa
ḃ
∂ ḃaψ

ċ
0 + σλa

ḃ
∂ ċaψ

ḃ
0

)]
+
M

2

(
σλa
ḃ
σµḃ
a ψċ

µ + σλa
ḃ
σµċ
a ψḃ

µ

)
= 0 ,

then, by changing positions of spinor indexes, we obtain

i√
6

{
b5

[
−(σλḃa∂aḃ)σ

µċnψnµ − ∂ċaσ
λ
aḃ
σµḃnψnµ

]
+ b6

[
−(σλḃa∂aḃ)ψ

ċ
0 − ∂ ċaσλ

aḃ
ψḃ
0

]}
+

+
M

2

(
−(σλḃaσµ

aḃ
)ψċ

µ − σµċaσλ
aḃ
ψḃ
µ

)
= 0 ,

and further we get the equation

i√
6

{
b5

[
2

i
∂λσ

µċnψnµ − ∂ċaσλaḃσ
µḃnψnµ

]
+ b6

[
2

i
∂λψ

ċ
0 − ∂ ċaσλaḃψ

ḃ
0

]}
+
M

2

(
2ψċ

λ − σµċaσλaḃψ
ḃ
µ

)
= 0 . (IV.12)

In similar manner, from eq. (IV.5) it follows (note that position of vector index, up or down, does not matter)

− i√
6

{
b5

[
2

i
∂λσ

µ
cṅψ

ṅ
µ − ∂cȧσ

λȧbσµ
bṅψ

ṅ
µ

]
+ b6

[
2

i
∂λψc0 − ∂cȧσ

λȧbψb0

]}
+
M

2

(
2ψλc − σµ

cȧσ
λȧbψµb

)
= 0 . (IV.13)
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V. SPIN-TENSOR EQUATIONS

Let us recall spinor notations for elements of Dirac matrices:

γµ =
1

i

∣∣∣∣ 0 σµȧb

σµ

aḃ
0

∣∣∣∣ , γ5 = γ1γ2γ3γ4 =

∣∣∣∣ I 0
0 −I

∣∣∣∣ , σ1
ȧb =

∣∣∣∣ 0 1
1 0

∣∣∣∣ , σ2
ȧb =

∣∣∣∣ 0 −i
i 0

∣∣∣∣ , σ3
ȧb =

∣∣∣∣ 1 0
0 −1

∣∣∣∣ , σ4
ȧb =

∣∣∣∣ i 0
0 i

∣∣∣∣ .
Equations (IV.8) and (IV.9)

i

[
b1∂

ȧbσµ
bċψ

ċ
µ +

√
1

6
b2

(
2

i
∂µψ

ȧ
µ − σµȧc∂cḃψ

ḃ
µ

)]
+mσµȧbψµb = 0 ,

−i

[
b1∂aḃσ

µḃcψµc +

√
1

6
b2

(
2

i
∂µψµa − σµ

aċ∂
ċbψµb

)]
+mσµ

aḃ
ψḃ
µ = 0 ,

may be joint into one:

i

∣∣∣∣ I 0
0 −I

∣∣∣∣ {b1 ∣∣∣∣ ∂ȧbσµ
bċ 0

0 ∂aḃσ
µḃc

∣∣∣∣ ∣∣∣∣ ψċ
µ

ψcµ

∣∣∣∣+
+
b2√
6

[
2

i
∂µ

∣∣∣∣ ψȧ
µ

ψaµ

∣∣∣∣− ∣∣∣∣ ∂ȧbσµ
bċ 0

0 ∂aḃσ
µḃc

∣∣∣∣ ∣∣∣∣ ψċ
µ

ψcµ

∣∣∣∣]}+M

∣∣∣∣ 0 σµȧb

σµ

aḃ
0

∣∣∣∣ ∣∣∣∣ ψḃ
µ

ψbµ

∣∣∣∣ = 0 ,

that is

γ5

{
ib1∂̂γµΨµ +

b2√
6

[
−2i∂µΨµ − iγµ∂̂Ψµ

]}
+MγµΨµ = 0 .

taking into account the identity

−iγµ∂̂Ψµ = −iγµγν∂νΨµ = −i(2δµν − γνγµ)∂νΨµ = −2i∂µΨµ + i∂̂(γµΨµ)

we can re-write the previous equation as follows

γ5

{
ib1∂̂γµΨµ − 4ib2√

6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]}
+M(γµΨµ) = 0 . (V.1)

In similar manner, equations (IV.10) and (IV.11)

i

[
b3∂

ȧbψb0 +

√
1

6
b4

(
2

i
∂µψ

ȧ
µ − σµȧc∂cḃψ

ḃ
µ

)]
+Mψȧ

0 = 0 ,

−i

[
b3∂aḃψ

ḃ
0 +

√
1

6
b4

(
2

i
∂µψaµ − σµ

aċ∂
cḃψµḃ

)]
+Mψa0 = 0

may be joint into the following one

γ5

{
ib3∂̂Ψ0 −

4ib4√
6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]}
+MΨ0 = 0 . (V.2)

Equations (IV.12) and (IV.13)

i√
6

{
b5

[
2

i
∂λσ

µċnψnµ − ∂ċaσ
λ
aḃ
σµḃnψnµ

]
+ b6

[
2

i
∂λψ

ċ
0 − ∂ ċaσλ

aḃ
ψḃ
0

]}
+
M

2

(
2ψċ

λ − σµċaσλ
aḃ
ψḃ
µ

)
= 0 .

− i√
6

{
b5

[
2

i
∂λσ

µ
cṅψ

ṅ
µ − ∂cȧσ

λȧbσµ
bṅψ

ṅ
µ

]
+ b6

[
2

i
∂λψc0 − ∂cȧσ

λȧbψb0

]}
+
M

2

(
2ψλc − σµ

cȧσ
λȧbψµb

)
= 0
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are joint in the one as follows

i√
6

∣∣∣∣∣ I 0

0 −I

∣∣∣∣∣
b5

2
i
∂λ

∣∣∣∣∣ 0 σµċn

σµ
cṅ 0

∣∣∣∣∣
∣∣∣∣∣ ψ

ṅ
µ

ψnµ

∣∣∣∣∣−
∣∣∣∣∣∣

0 ∂ ċaσλ
aḃ
σµḃn

∂cȧσ
λȧbσµ

bṅ 0

∣∣∣∣∣∣
∣∣∣∣∣ ψ

ṅ
µ

ψnµ

∣∣∣∣∣
+

+b6

[
2

i
∂λ

∣∣∣∣∣ ψ
ċ
0

ψc0

∣∣∣∣∣−
∣∣∣∣∣ ∂

ċaσλ
aḃ

0

0 ∂cȧσ
λȧb

∣∣∣∣∣
∣∣∣∣∣ ψḃ

0

ψb0

∣∣∣∣∣
]}

+
M

2

[
2

∣∣∣∣∣ ψ
ċ
λ

ψcλ

∣∣∣∣∣−
∣∣∣∣∣ 0 σµċaσλ

aḃ

σµ
cȧσ

λȧb 0

∣∣∣∣∣
∣∣∣∣∣ ψḃ

µ

ψbµ

∣∣∣∣∣
]
= 0 ,

that is

i√
6
γ5

{
b5

[
2∂λ(γµΨµ) + ∂̂γλ(γµΨµ)

]
+ b6

[
2

i
∂λΨ0 − i∂̂γλΨ0

]}
+
M

2
[2Ψλ + γµγλΨµ] = 0 .

After simple transformation it reads

2i√
6
γ5

{
b5

[
∂λ(γµΨµ)−

1

4
γλ∂̂(γµΨµ)

]
− ib6

[
∂λΨ0 −

1

4
γλ∂̂Ψ0

]}
+M

[
Ψλ − 1

4
γλ(γµΨµ)

]
= 0 . (V.3)

VI. FREE PARTICLE, THREE MASS STATES

Let us re-write three spin-vector equations differently (multiplying them by −iγ5):

b1∂̂(γµΨµ)−
4b2√
6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]
− iγ5M(γµΨµ) = 0 , (VI.1)

{
b3∂̂Ψ0 − i

4b4√
6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]}
− iγ5MΨ0 = 0 , (VI.2)

2√
6

{
b5

[
∂λ(γµΨµ)−

1

4
γλ∂̂(γµΨµ)

]
−

−ib6
[
∂λΨ0 −

1

4
γλ∂̂Ψ0)

]}
− iγ5M

[
Ψλ − 1

4
γλ(γµΨµ)

]
= 0. (VI.3)

Let us multiply (VI.1) by (−1
4γλ),

−b1
1

4
γλ∂̂(γµΨµ) +

1

4
γλ

4b2√
6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]
+ iγλγ5

1

4
M(γµΨµ) = 0 , (VI.4)

then sum eqs. (VI.3) and (VI.4):

2√
6

{
b5

[
∂λ(γµΨµ)−

1

4
γλ∂̂(γµΨµ)

]
− ib6

[
∂λΨ0 −

1

4
γλ∂̂Ψ0)

]}
− iγ5M

[
Ψλ − 1

4
γλ(γµΨµ)

]
−

−b1
1

4
γλ∂̂(γµΨµ) +

1

4
γλ

4b2√
6

[
(∂µΨµ)−

1

4
∂̂(γµΨµ)

]
− iγ5γλ

1

4
M(γµΨµ) = 0 ,

or

2b5√
6
∂λ(γµΨµ)−

1

4

2b5√
6
γλ∂̂(γµΨµ)− i

2b6√
6

[
∂λΨ0 −

1

4
γλ∂̂Ψ0)

]
−

−b1
1

4
γλ∂̂(γµΨµ) +

b2√
6
γλ(∂µΨµ)−

b2√
6

1

4
γλ∂̂(γµΨµ)− iγ5MΨλ. = 0

Whence we derive

−i2b6√
6

[
∂λΨ0 −

1

4
γλ∂̂Ψ0)

]
+

2b5√
6
∂λ(γµΨµ) +

+
1

4

[
−b1 −

b2√
6
− 2b5√

6

]
γλ∂̂(γµΨµ) +

b2√
6
γλ(∂µΨµ)− iγ5MΨλ = 0 . (VI.5)
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Now, let us act on eq. (VI.5) by operator ∂λ, this resulys in (let � = ∂λ∂λ):

−i2b6√
6

3

4
�Ψ0 +

2b5√
6
�(γµΨµ) +

1

4

[
−b1 −

b2√
6
− 2b5√

6

]
�(γµΨµ) +

b2√
6
∂̂(∂µΨµ)− iγ5M(∂µΨµ) = 0 ,

which leads to

−i
√
6b6
4

�Ψ0 −
1

4

[
(b1 +

b2√
6
)−

√
6b5

]
�(γµΨµ) +

b2√
6
∂̂(∂µΨµ)− iγ5M(∂µΨµ) = 0 . (VI.6)

Now, let us act on eq. (VI.1) by operator ∂̂ = γµ∂µ:

b1�(γµΨµ)−
4b2√
6

[
∂̂(∂µΨµ)−

1

4
�(γµΨµ)

]
+ iγ5M∂̂(γµΨµ) = 0 ,

this leads to

1

4
(b1 +

b2√
6
)�(γµΨµ) =

b2√
6
∂̂(∂µΨµ)− i

1

4
γ5M∂̂(γµΨµ) . (VI.7)

Allowing for eq. (VI.7) in (VI.6), we obtain

−i
√
6b6
4

�Ψ0 −
b2√
6
∂̂(∂µΨµ) + i

1

4
γ5M∂̂(γµΨµ) +

√
6

4
b5�(γµΨµ) +

b2√
6
∂̂(∂µΨµ)− iγ5M(∂µΨµ) = 0 ,

or

−i
√
6b6
4

�Ψ0 +

√
6

4
b5�(γµΨµ)− iγ5M(∂µΨµ) +

i

4
γ5M∂̂(γµΨµ) = 0 . (VI.8)

In this equation, one can transform the term �(γµΨµ) with the help of relation (VI.7):

−i
√
6b6
4

�Ψ0 +

√
6

4
b5

1

b1 + b2/
√
6

[
4b2√
6
∂̂(∂µΨµ)− iγ5M∂̂(γµΨµ)

]
− iγ5M(∂µΨµ) +

i

4
γ5M∂̂(γµΨµ) = 0

or

−i
√
6b6
4

�Ψ0 +
b2b5

b1 + b2/
√
6
∂̂(∂µΨµ)−

√
6

4

b5

b1 + b2/
√
6
iγ5M∂̂(γµΨµ)− iγ5M(∂µΨµ) +

i

4
γ5M∂̂(γµΨµ) = 0 (VI.9)

The next idea is to exclude the term with 2-nd order operator �. To this end, led us act on eq. (VI.2) by operator

∂̂ (taking in mind the identity ∂̂∂̂ = �):

b3�Ψ0 − i
4√
6
b4∂̂(∂µΨµ) + i

1√
6
b4�(γµΨµ) + iγ5M∂̂Ψ0 = 0 ;

in this relation we van exclude the term �(γµΨµ) with the help of (VI.7):

b3�Ψ0 − i
4√
6
b4∂̂(∂µΨµ) + i

1√
6
b4

1

b1 + b2/
√
6

[
4b2√
6
∂̂(∂µΨµ)− iγ5M∂̂(γµΨµ)

]
+ iγ5M∂̂Ψ0 = 0 ;

or

b3�Ψ0 − i
4√
6
b4∂̂(∂µΨµ) + i

2

3

b2b4

b1 + b2/
√
6
∂̂(∂µΨµ)− i

1√
6

b4

b1 + b2/
√
6
iγ5M∂̂(γµΨµ) + iγ5M∂̂Ψ0 = 0 ;

Whence one can express �Ψ0:

�Ψ0 =
4i√
6

b4
b3
∂̂(∂µΨµ)−

2i

3

b2b4

b3(b1 + b2/
√
6)
∂̂(∂µΨµ) +

i√
6

b4

b3(b1 + b2/
√
6)
iγ5M∂̂(γµΨµ)−

1

b3
iMγ5∂̂Ψ0 ; (VI.10)

now let us take into account (VI.10) in eq. (VI.9):

−i
√
6b6
4

{
4i√
6

b4
b3
∂̂(∂µΨµ)−

2i

3

b2b4

b3(b1 + b2/
√
6)
∂̂(∂µΨµ)+

i√
6

b4

b3(b1 + b2/
√
6)
iγ5M∂̂(γµΨµ)−

1

b3
iMγ5∂̂Ψ0

}
+
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+
b2b5

b1 + b2/
√
6
∂̂(∂µΨµ)−

√
6

4

b5

b1 + b2/
√
6
iγ5M∂̂(γµΨµ)− iγ5M(∂µΨµ) +

i

4
γ5M∂̂(γµΨµ) = 0 ,

or

b4b6
b3

∂̂(∂µΨµ)−
1√
6

b2b4b6

b3(b1 + b2/
√
6)
∂̂(∂µΨµ) +

1

4

b4b6

b3(b1 + b2/
√
6)
iγ5M∂̂(γµΨµ) + i

√
6

4

b6
b3
iMγ5∂̂Ψ0+

+
b2b5

b1 + b2/
√
6
∂̂(∂µΨµ)−

√
6

4

b5

b1 + b2/
√
6
iγ5M∂̂(γµΨµ)− i

√
6

4

b6
b3
iMγ5∂̂Ψ0 − iMγ5(∂µΨµ) = 0 .

Whence after regrouping the terms we derive[
b4b6
b3

− 1√
6

b2b4b6

b3(b1 + b2/
√
6)

+
b2b5

b1 + b2/
√
6

]
∂̂(∂µΨµ) +

+
1

4

[
b4b6

b3(b1 + b2/
√
6)

−
√
6

b5

b1 + b2/
√
6
+ 1

]
iγ5M∂̂(γµΨµ) + i

√
6

4

b6
b3
iMγ5∂̂Ψ0 − iMγ5(∂µΨµ) = 0 .

and further arrive at

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

∂̂(∂µΨµ) +

+
1

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

iMγ5∂̂(γµΨµ) + i

√
6

4

b6
b3
iMγ5∂̂Ψ0 − iMγ5(∂µΨµ) = 0 . (VI.11)

Let us express from this equation the term iMγ5(∂µΨµ):

iMγ5(∂µΨµ) =
b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

∂̂(∂µΨµ)+

+
1

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

iMγ5∂̂(γµΨµ) + i

√
6

4

b6
b3
iMγ5∂̂Ψ0 ,

which after multiplying by −iγ5/M gives

(∂µΨµ) = − 1

M

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

iγ5∂̂(∂µΨµ) +
1

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

∂̂(γµΨµ) + i

√
6

4

b6
b3
∂̂Ψ0. (VI.12)

Now, let us substitute (VI.12) into (VI.1):

b1∂̂(γµΨµ)−
4b2√
6

{
− 1

M

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

iγ5∂̂(∂µΨµ)+

+
1

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

∂̂(γµΨµ) + i

√
6

4

b6
b3
∂̂Ψ0

}
+

b2√
6
∂̂(γµΨµ)− iγ5M(γµΨµ) = 0 ,

which after re-gr0uping the terms takes the form[
b1 −

b2√
6

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

+
b2√
6

]
∂̂(γµΨµ)+

+
1

M

4b2√
6

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
iγ5∂̂(∂µΨµ)− i

b2b6
b3

∂̂Ψ0 − iMγ5(γµΨµ) = 0 ,
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or after some simplifying we get[
b1 −

b2√
6

b4b6 −
√
6b3b5

b3(b1 + b2/
√
6)

]
∂̂(γµΨµ) +

1

M

4b2√
6

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
iγ5∂̂(∂µΨµ)− i

b2b6
b3

∂̂Ψ0 − iMγ5(γµΨµ) = 0 .

or [√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

]
∂̂(γµΨµ)+

+
1

M

4b2(b1b4b6 + b2b3b5)√
6b3(b1 + b2/

√
6)

iγ5∂̂(∂µΨµ)− i
b2b6
b3

∂̂Ψ0 − iMγ5(γµΨµ) = 0 . (VI.13)

Finally, let us substitute (VI.12) into (VI.2):

b3∂̂Ψ0 − i
4b4√
6

{
− 1

M

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

iγ5∂̂(∂µΨµ)+

+
1

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

∂̂(γµΨµ) + i

√
6

4

b6
b3
∂̂Ψ0

}
+ i

b4√
6
∂̂(γµΨµ)− iγ5MΨ0 = 0

or

b23 + b4b6
b3

∂̂Ψ0 +
i

M

4√
6

b4(b1b4b6 + b2b3b5)

b3(b1 + b2/
√
6)

iγ5∂̂(∂µΨµ)− i
(b4b6 −

√
6b3b5)b4√

6b3(b1 + b2/
√
6)
∂̂(γµΨµ)− iMγ5Ψ0 = 0 . (VI.14)

Thus, wa have derived three equations, (VI.13), (VI.14), (VI.11):[√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

]
iγ5∂̂(γµΨµ)−

− 1

M

4b2(b1b4b6 + b2b3b5)√
6b3(b1 + b2/

√
6)

∂̂(∂µΨµ)− i
b2b6
b3

iγ5∂̂Ψ0 +M(γµΨµ) = 0 ,

b23 + b4b6
b3

iγ5∂̂Ψ0 −
i

M

4√
6

b4(b1b4b6 + b2b3b5)

b3(b1 + b2/
√
6)

∂̂(∂µΨµ)− i
(b4b6 −

√
6b3b5)b4√

6b3(b1 + b2/
√
6)
iγ5∂̂(γµΨµ) +MΨ0 = 0 ,

b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
iγ5∂̂(∂µΨµ)−

M

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

∂̂(γµΨµ)− i

√
6

4

b6
b3
M∂̂Ψ0 +M(∂µΨµ) = 0 .

Let us introduce 12-component function

Ψ =

∣∣∣∣∣∣
γµΨµ

Ψ0

γ5∂µΨµ

∣∣∣∣∣∣ . (VI.15)

Correspondingly, the previous system is re-written as follows:
√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

· iγ5∂̂(γµΨµ)−

−i b2b6
b3

· iγ5∂̂Ψ0 − i
1

M

4b2(b1b4b6 + b2b3b5)√
6b3(b1 + b2/

√
6)

· iγ5∂̂(γ5∂µΨµ) +M(γµΨµ) = 0 , (VI.16)

−i (b4b6 −
√
6b3b5)b4√

6b3(b1 + b2/
√
6)

· iγ5∂̂(γµΨµ) +
b23 + b4b6

b3
· iγ5∂̂Ψ0 +

1

M

4√
6

b4(b1b4b6 + b2b3b5)

b3(b1 + b2/
√
6)

· iγ5∂̂(γ5∂µΨµ) + +MΨ0 = 0 , (VI.17)
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i
M

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

· iγ5∂̂(γµΨµ)−
√
6

4

b6
b3
M · iγ5∂̂Ψ0 −

−b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)

· iγ5∂̂(γ5∂µΨµ) +M(γ5∂µΨµ) = 0 . (VI.18)

It may be presented in the matrix form:

(K iγ5∂̂ +M)Ψ = 0, K =

∣∣∣∣∣∣
A1 B1 R1

A2 B2 R2

A3 B3 R3

∣∣∣∣∣∣ , Ψ =

∣∣∣∣∣∣
γµΨµ

Ψ0

γ5∂µΨµ

∣∣∣∣∣∣ , (VI.19)

where we use notations

A1 =

√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

, B1 = −i b2b6
b3

, R1 = − i

M

4√
6

b2(b1b4b6 + b2b3b5)

b3(b1 + b2/
√
6)

,

A2 = − i√
6

(b4b6 −
√
6b3b5)b4

b3(b1 + b2/
√
6)

, B2 =
b23 + b4b6

b3
, R2 =

1

M

4√
6

b4(b1b4b6 + b2b3b5)

b3(b1 + b2/
√
6)

,

A3 =
iM

4

b4b6 −
√
6b3b5 + b3(b1 + b2/

√
6)

b3(b1 + b2/
√
6)

, B3 = −
√
6

4

b6
b3
M, R3 = −b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
.

(VI.20)

The matrix K explicitly reads

K =

∣∣∣∣∣∣∣∣∣∣

√
6b1b3(b1+b2/

√
6)−b2(b4b6−

√
6b3b5)√

6b3(b1+b2/
√
6)

−i b2b6b3
− i

M
4√
6

b2(b1b4b6+b2b3b5)

b3(b1+b2/
√
6)

− i√
6

(b4b6−
√
6b3b5)b4

b3(b1+b2/
√
6)

b23+b4b6
b3

1
M

4√
6

b4(b1b4b6+b2b3b5)

b3(b1+b2/
√
6)

iM
4

b4b6−
√
6b3b5+b3(b1+b2/

√
6)

b3(b1+b2/
√
6)

−
√
6
4

b6
b3
M − b1b4b6+b2b3b5

b3(b1+b2/
√
6)

∣∣∣∣∣∣∣∣∣∣
.

Allowing for restrictions (II.14)

b1 = b∗1, b3 = b∗3, b5 = fb∗2, b6 = gb∗4, f = ±1, g = ±1 (VI.21)

(recall that b2, b4 may be complex or real), we reduce the matrix K to the form

K =

∣∣∣∣∣∣∣∣∣∣∣

b1b3(b1+b2/
√
6)− 1√

6
gb2|b4|2+fb3|b2|2

b3(b1+b2/
√
6)

−ig b2b
∗
4

b3
− i

M
4√
6

b2(gb1|b4|2+fb3|b2|2)
b3(b1+b2/

√
6)

− i√
6

b4(g|b4|2−
√
6fb∗2b3)

b3(b1+b2/
√
6)

b23+g|b4|2
b3

1
M

4√
6

b4(gb1|b4|2+fb3|b2|2)
b3(b1+b2/

√
6)

iM
4

g|b4|2−
√
6fb∗2b3+b3(b1+b2/

√
6)

b3(b1+b2/
√
6)

−M
√
6
4

gb∗4
b3

− gb1|b4|2+fb3|b2|2

b3(b1+b2/
√
6)

∣∣∣∣∣∣∣∣∣∣∣
. (VI.22)

Next idea is to find linear transformation Ψ′ = SΨ which would diagonalize the matrix K:

S(K iγ5∂̂ +M)S−1Ψ′ = 0, S =

∣∣∣∣∣∣
a1 a2 a3
c1 c2 c3
r1 r2 r3

∣∣∣∣∣∣ , SKS−1 = K0 =

∣∣∣∣∣∣
λ1 0 0
0 λ2 0
0 0 λ3

∣∣∣∣∣∣ . (VI.23)

Characteristic equation for matrix K: det(K − λI) = 0 after needed calculation reduces to 3-rd order equation

λ3 − λ2(b1 + b3) + λ
(
b1b3 − g|b4|2 − f |b2|2

)
+
(
gb1|b4|2 + fb3|b2|2

)
= 0 ; (VI.24)

and it coincides with that fpr spin block

β(1/2) =

∣∣∣∣∣∣
b1 0 b2
0 b3 b4
fb∗2 gb∗4 0

∣∣∣∣∣∣ . (VI.25)
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After diagonalyzing the matrix K according to (VI.23), the system reduces to three P -asymmetric separate equations
with different masses:(

iγ5∂̂ +
M

λ1

)
Φ1 = 0 ,

(
iγ5∂̂ +

M

λ2

)
Φ2 = 0 ,

(
iγ5∂̂ +

M

λ3

)
Φ3 = 0 , (VI.26)

The transformation matrix S obeys the following equation∣∣∣∣∣∣
a1 a2 a3
c1 c2 c3
r1 r2 r3

∣∣∣∣∣∣
∣∣∣∣∣∣
A1 B1 R1

A2 B2 R2

A3 B3 R3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
λ1 0 0
0 λ2 0
0 0 λ3

∣∣∣∣∣∣
∣∣∣∣∣∣
a1 a2 a3
c1 c2 c3
r1 r2 r3

∣∣∣∣∣∣ ,
whence if follow three linear sub-systems

a1A1 + a2A2 + a3A3 = λ1a1 , a1B1 + a2B2 + a3B3 = λ1a2 , a1R1 + a2R2 + a3R3 = λ1a3 ; (VI.27)

c1A1 + c2A2 + c3A3 = λ2c1 , c1B1 + c2B2 + c3B3 = λ2c2, c1R1 + c2R2 + c3R3 = λ2c3 ; (VI.28)

r1A1 + r2A2 + r3A3 = λ3r1 , r1B1 + r2B2 + r3B3 = λ3r2, r1R1 + r2R2 + r3R3 = λ3r3 . (VI.29)

The have the similar structure, in each we may exclude one equation (let it be the first)

a2(B2 − λ1) + a3B3 = −a1B1 , a2R2 + a3(R3 − λ1) = −a1R1 ;

c2(B2 − λ2) + c3B3 = −c1B1 , c2R2 + c3(R3 − λ2) = −c1R1 ;

r2(B2 − λ3) + r3B3 = −r1B1 , r2R2 + r3(R3 − λ3) = −r1R1 .

(VI.30)

Their solutions are given by the following formulas:

a2 = −a1
igλ1b2b

∗
4(b1 + b2/

√
6)

λ1(λ1 − b3)b3(b1 + b2/
√
6) + (λ1 − b3)[gb1|b4|2 + fb3|b2|2]− λ1g(b1 + b2/

√
6)|b4|2

,

a3 = −a1
4√
6

1

M

ib2(λ1 − b3)[gb1|b4|2 + fb3|b2|2]
λ1(λ1 − b3)b3(b1 + b2/

√
6) + (λ1 − b3)[gb1|b4|2 + fb3|b2|2]− λ1g(b1 + b2/

√
6)|b4|2

;

(VI.31)

Their solutions are given by the following formulas:

c2 = −c1
igλ2b2b

∗
4(b1 + b2/

√
6)

λ2(λ2 − b3)b3(b1 + b2/
√
6) + (λ2 − b3)[gb1|b4|2 + fb3|b2|2]− λ2g(b1 + b2/

√
6)|b4|2

,

c3 = −c1
4√
6

1

M

ib2(λ2 − b3)[gb1|b4|2 + fb3|b2|2]
λ2(λ2 − b3)b3(b1 + b2/

√
6) + (λ2 − b3)[gb1|b4|2 + fb3|b2|2]− λ2g(b1 + b2/

√
6)|b4|2

;

(VI.32)

Their solutions are given by the following formulas:

r2 = −r1
igλ3b2b

∗
4(b1 + b2/

√
6)

λ3(λ3 − b3)b3(b1 + b2/
√
6) + (λ3 − b3)[gb1|b4|2 + fb3|b2|2]− λ3g(b1 + b2/

√
6)|b4|2

,

r3 = −r1
4√
6

1

M

ib2(λ3 − b3)[gb1|b4|2 + fb3|b2|2]
λ3(λ3 − b3)b3(b1 + b2/

√
6) + (λ3 − b3)[gb1|b4|2 + fb3|b2|2]− λ3g(b1 + b2/

√
6)|b4|2

.

(VI.33)

Now, let us additionally detail the diagonalization procedure of the system

iγ5∂̂ [A1 (γµΨµ) +B1 Ψ0 +R1 (γ5∂µΨµ) ] +M(γµΨµ) = 0 ,

iγ5∂̂ [A2 (γµΨµ) +B2 Ψ0 +R2 (γ5∂µΨµ) ] +MΨ0 = 0 ,

iγ5∂̂ [A3 (γµΨµ) +B3 Ψ0 +R3 (γ5∂µΨµ) ] +M(γ5∂µΨµ) = 0 .

(VI.34)

Multiply the first equation by a1,the second – by a2, the third – by a3, and then sum the results, in this way we
obtain

Φ1 = a1(γµΨµ) + a2Ψ0 + a3(γ5∂µΨµ),

(
iγ5∂̂ +

M

λ1

)
Φ1 = 0 . (VI.35)
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Multiply the first equation by c1,the second – by c2, the third – by c3, and then sum the results, this leads to

Φ2 = c1(γµΨµ) + c2Ψ0 + c3(γ5∂µΨµ),

(
iγ5∂̂ +

M

λ2

)
Φ2 = 0 . (VI.36)

Multiply the first equation by r1,the second – by r2, the third – by r3, and then sum the results, this gives

Φ3 = r1(γµΨµ) + r2Ψ0 + r3(γ5∂µΨµ),

(
iγ5∂̂ +

M

λ3

)
Φ3 = 0 . (VI.37)

VII. TAKING INTO ACCOUNT THE PRESENCE OF ELECTROMAGNETIC FIELDS

In presence of external electromagnetic field we should math the change ∂µ =⇒ Dµ = ∂µ − ieAµ,, then from
(VI.1)–(VI.3) obtain the modified system of spin-tensor equations{

b1D̂(γµΨµ)−
4b2√
6

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]}
− iγ5M(γµΨµ) = 0 , (VII.1)

{
b3D̂Ψ0 − i

4b4√
6

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]}
− iγ5MΨ0 = 0 , (VII.2)

2√
6

{
b5

[
Dλ(γµΨµ)−

1

4
γλD̂(γµΨµ)

]
−

−ib6
[
DλΨ0 −

1

4
γλD̂Ψ0)

]}
− iγ5M

[
Ψλ − 1

4
γλ(γµΨµ)

]
= 0 . (VII.3)

Recall the constraints

b2b3b5 + b1b4b6 = −λ1λ2λ3 , b1 + b3 = λ1 + λ2 + λ3,

b1b3 − b2b5 − b4b6 = λ1λ2 + λ1λ3 + λ2λ3,
(VII.4)

which with the formulas

b∗1 = b1, db
∗
3 = b3, b5 = fb∗2, db6 = gb∗4, f, g = ±1 (VII.5)

read

fb3|b2|2 + gb1|b4|2 = −λ1λ2λ3 , b1 + b3 = λ1 + λ2 + λ3,

b1b3 − f |b2|2 − g|b4|2 = λ1λ2 + λ1λ3 + λ2λ3 .
(VII.6)

Now we should repeat with some modification the all calculation from previous section.
Let us multiply eq. (VII.1) by (− 1

4γλ), and sum the result with (VII.3), so obtaining

2√
6
b5

[
Dλ(γµΨµ)−

1

4
γλD̂(γµΨµ)

]
− i

2√
6
b6

[
DλΨ0 −

1

4
γλD̂Ψ0)

]
+

−1

4
b1γλD̂(γµΨµ) +

b2√
6

[
γλ(DµΨµ)−

1

4
γλD̂(γµΨµ)

]
− iγ5MΨλ = 0 . (VII.7)

Now, let us act on eq. (VII.7) by operator Dλ:

2√
6
b5

[
D2(γµΨµ)−

1

4
D̂D̂(γµΨµ)

]
− i

2√
6
b6

[
D2Ψ0 −

1

4
D̂D̂Ψ0)

]
+

−b1
4
D̂D̂(γµΨµ) +

b2√
6
D̂

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]
− iγ5M(DµΨµ) = 0 , (VII.8)

where D2 = DµDµ, D̂ = γµDµ . Below we will take into account identities

D̂D̂ = DµDνγµγν = D2 +
1

2
DµDν(γµγν − γνγµ) = D2 + (DµDν −DνDµ)

1

4
(γµγν − γνγµ),
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and

D̂D̂ = D2 − ieFµνσµν , DµDν −DνDµ = −ieFµν , σµν =
γµγν − γνγµ

4
. (VII.9)

Therefore, eq. (VII.8) may be re-written as

2√
6
b5

[
D2(γµΨµ)−

1

4
D2(γµΨµ) +

ie

4
Fλρσλρ(γµΨµ)

]
− i

2√
6
b6

[
D2Ψ0 −

1

4
D2Ψ0 +

ie

4
FµνσµνΨ0

]
+

−b1
4
[D2 − ieFλρσλρ ] (γµΨµ) +

b2√
6
D̂(DµΨµ)−

b2

4
√
6
[D2 − ieFλρσλρ ] (γµΨµ)− iγ5M(DµΨµ) = 0 ,

or differently

2√
6
b5

[
3

4
D2(γµΨµ) +

ie

4
Fλρσλρ(γµΨµ)

]
− i

2√
6
b6

[
3

4
D2Ψ0 +

ie

4
FµνσµνΨ0

]
+

−b1
4
[D2 − ieFλρσλρ ] (γµΨµ) +

b2√
6
D̂(DµΨµ)−

b2

4
√
6
[D2 − ieFλρσλρ ] (γµΨµ)− iγ5M(DµΨµ) = 0 .

Finally, we arrive at the equation

√
6

4
b5D

2(γµΨµ)− i

√
6

4
b6D

2Ψ0−

−1

4
(b1 +

b2√
6
)D2(γµΨµ) +

b2√
6
D̂(DµΨµ) +

e

2
√
6
b6FλρσλρΨ0 +

+
ie

4
(b1 +

2√
6
b5 +

b2√
6
)Fλρσλρ(γµΨµ)− iMγ5(DµΨµ) = 0 . (VII.10)

Now, let us act on eq. (VII.1) by operator D̂:

b1D̂D̂(γµΨµ)−
4b2√
6

[
D̂(DµΨµ)−

1

4
D̂D̂(γµΨµ)

]
− iγ5MD̂(γµΨµ) = 0 ,

or

(b1 +
b2√
6
)D̂D̂(γµΨµ)−

4√
6
b2D̂(DµΨµ)(γµΨµ)− iγ5MD̂(γµΨµ) = 0 ,

that is

(b1 +
b2√
6
)[D2 − ieFλρσλρ](γµΨµ) =

4√
6
b2D̂(DµΨµ) + iγ5MD̂(γµΨµ) ,

whence it follows expression for term D2(γµΨµ):

D2(γµΨµ) = ieFλρσλρ(γµΨµ) +
4√
6

b2

b1 + b2/
√
6
D̂(DµΨµ)−

1

b1 + b2/
√
6
iγ5MD̂(γµΨµ) . (VII.11)

With (VII.11) in mind, relation (VII.10) takes the form

√
6

4
b5D

2(γµΨµ)− i

√
6

4
b6D

2Ψ0 −
ie

4
(b1 +

b2√
6
)Fλρσλρ(γµΨµ)−

1√
6
b2D̂(DµΨµ) +

i

4
γ5MD̂(γµΨµ)

+
b2√
6
D̂(DµΨµ) +

e

2
√
6
b6FλρσλρΨ0 +

ie

4
(b1 +

2√
6
b5 +

b2√
6
)Fλρσλρ(γµΨµ)− iMγ5(DµΨµ) = 0 ,
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which after some re-grouping the term reads

√
6

4
b5D

2(γµΨµ)− i

√
6

4
b6D

2Ψ0 +
e

2
√
6
b6FλρσλρΨ0 + ie

1

2
√
6
b5Fλρσλρ(γµΨµ) +

i

4
Mγ5D̂(γµΨµ)− iMγ5(DµΨµ) = 0 .

Having used again relation (VII.11), we obtain

√
6

4
b5

{
ieFλρσλρ(γµΨµ) +

4√
6

b2

b1 + b2/
√
6
D̂(DµΨµ)−

1

b1 + b2/
√
6
iγ5MD̂(γµΨµ)

}
−

−i
√
6

4
b6D

2Ψ0 +
e

2
√
6
b6FλρσλρΨ0 + ie

1

2
√
6
b5Fλρσλρ(γµΨµ) +

i

4
Mγ5D̂(γµΨµ)− iMγ5(DµΨµ) = 0 .

or (the notation Σ = Fλρσλρ is used)

−i
√
6

4
b6D

2Ψ0 +
e

2
√
6
b6ΣΨ0 +

√
6

3
b5ieΣ(γµΨµ) +

b2b5

b1 + b2/
√
6
D̂(DµΨµ)+

+
1

4

(
1−

√
6b5

b1 + b2/
√
6

)
iγ5MD̂(γµΨµ)− iMγ5(DµΨµ) = 0 . (VII.12)

Now, we act on eq. (VII.2) by operator D̂:

b3D̂D̂Ψ0 + i
b4√
6
D̂D̂(γµΨµ)− i

4b4√
6
D̂(DµΨµ) + iγ5MD̂Ψ0 = 0 ,

whence using identity D̂D̂ = D2 − ieΣ, we obtain

b3D
2Ψ0 − b3ieΣΨ0 + i

b4√
6
D2(γµΨµ) +

b4√
6
eΣ(γµΨµ)− i

4b4√
6
D̂(DµΨµ) + iγ5MD̂Ψ0 = 0 .

Transforming the term D2(γµΨµ) with the help of we get (VII.11):

b3D
2Ψ0 − b3ieΣΨ0 + i

b4√
6

{
ieΣ(γµΨµ) +

4√
6

b2

b1 + b2/
√
6
D̂(DµΨµ)−

1

b1 + b2/
√
6
iγ5MD̂(γµΨµ)

}
+

+
b4√
6
eΣ(γµΨµ)− i

4b4√
6
D̂(DµΨµ) + iγ5MD̂Ψ0 = 0

which after some regrouping the terms gives

D2Ψ0 = ieΣΨ0 − i
2

3

b2b4

b3(b1 + b2/
√
6)
D̂(DµΨµ) +

+
i√
6

b4

b3(b1 + b2/
√
6)
iγ5MD̂(γµΨµ) + i

4√
6

b4
b3
D̂(DµΨµ)−

1√
6
iγ5MD̂Ψ0 . (VII.13)

Substituting (VII.12) into (VII.13):

−i
√
6

4
b6

{
ieΣΨ0 − i

2

3

b2b4

b3(b1 + b2/
√
6)
D̂(DµΨµ)+

+
i√
6

b4

b3(b1 + b2/
√
6)
iγ5MD̂(γµΨµ) + i

4√
6

b4
b3
D̂(DµΨµ)−

1√
6
iMγ5MD̂Ψ0

}
+

+
e

2
√
6
b6ΣΨ0 +

√
6

3
b5ieΣ(γµΨµ) +

b2b5

b1 + b2/
√
6
D̂(DµΨµ) +

1

4

(
1−

√
6b5

b1 + b2/
√
6

)
iMγ5D̂(γµΨµ)− iMγ5(DµΨµ) = 0 .
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Whence we find expression for the term (DµΨµ) :

(DµΨµ) = − 1

M

b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
iγ5D̂(DµΨµ) +

1

4

b4b6 + b3(b1 + b2/
√
6)−

√
6b3b5

b3(b1 + b2/
√
6)

D̂(γµΨµ)+

+i

√
6

4

b6
b3
D̂Ψ0 −

1

M

2b6√
6
eΣiγ5Ψ0 +

1

M

2b5

2
√
6
eΣγ5(γµΨµ) . (VII.14)

It remains to take into account (VII.14) in eq. (VII.1):

b1D̂(γµΨµ)−
4b2√
6

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]
− iγ5M(γµΨµ) = 0 ;

which leads to
√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

D̂ (γµΨµ)− i
b2b6
b3

D̂Ψ0+

+
4√
6

1

M

b2
b3

b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
iγ5D̂ (DµΨµ)+

+
4

3M
b2b6 iγ5 eΣΨ0 −

4

3M
b2b5 γ5 eΣ(γµΨµ)− iMγ5 (γµΨµ) = 0 . (VII.15)

It should emphasized that this equation has a needed structure, including the terms

D̂ (γµΨµ), D̂Ψ0, D̂ (DµΨµ), M(γµΨµ) .

Now, in eq. (VII.2):

b3D̂Ψ0 − i
4b4√
6
(DµΨµ) + i

b4√
6
D̂(γµΨµ)− iγ5MΨ0 = 0 ,

let us take into equation relation (VII.14):

b3D̂Ψ0 − i
4b4√
6

{
− 1

M

b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
iγ5D̂(DµΨµ) +

1

4

b4b6 + b3(b1 + b2/
√
6)−

√
6b3b5

b3(b1 + b2/
√
6)

D̂(γµΨµ)+

+i

√
6

4

b6
b3
D̂Ψ0 −

1

M

2b6√
6
eΣiγ5Ψ0 +

1

M

2b5

2
√
6
eΣγ5(γµΨµ)

}
+ i

b4√
6
D̂(γµΨµ)− iγ5MΨ0 = 0 ,

whence after re-grouping the terms we obtain

b23 + b4b6
b3

D̂Ψ0 +
4i√
6M

b4
b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
iγ5D̂ (DµΨµ)−

i√
6

b4(b4b6 −
√
6b3b5)

b3(b1 + b2/
√
6)

D̂ (γµΨµ)+

+i
4

3M
b4b6 iγ5 eΣΨ0 −

4

3M
b4b5 iγ5 eΣ(γµΨµ)− iMγ5 Ψ0 = 0 . (VII.16)

This equation has a needed structure, including the terms

D̂ (γµΨµ), D̂Ψ0, D̂ (DµΨµ), MΨ0 .

Now, let us turn back to eq. (VII.14)

1

M

b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
iγ5D̂(DµΨµ)−

1

4

b4b6 + b3(b1 + b2/
√
6)−

√
6b3b5

b3(b1 + b2/
√
6)

D̂(γµΨµ)−

−i
√
6

4

b6
b3
D̂Ψ0 +

1

M

2b6√
6
eΣiγ5Ψ0 −

1

M

2b5√
6
eΣγ5(γµΨµ) + (DµΨµ) = 0 ,
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after multiplying it by Mγ5 it reads

i
b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
D̂ (DµΨµ) + i

M

4

b4b6 + b3(b1 + b2/
√
6)−

√
6b3b5

b3(b1 + b2/
√
6)

iγ5D̂ (γµΨµ)−

−iM
√
6

4

b6
b3
γ5D̂Ψ0 + i

2b6√
6
eΣΨ0 −

2b5√
6
eΣ(γµΨµ) +Mγ5 (DµΨµ) = 0 . (VII.17)

This equation has a needed structure too, including the terms

D̂ (γµΨµ), D̂Ψ0, D̂ (DµΨµ), M(DµΨµ) .

Thus, we have derived the needed form of of three equations (see. (VII.15), (VII.16), (VII.17) specifying the model
under consideration in presence of external electromagnetic fields:

√
6b1b3(b1 + b2/

√
6)− b2(b4b6 −

√
6b3b5)√

6b3(b1 + b2/
√
6)

D̂ (γµΨµ)− i
b2b6
b3

D̂Ψ0+

+
4√
6

1

M

b2
b3

b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
iγ5D̂ (DµΨµ)+

+
4

3M
b2b6 iγ5 eΣΨ0 −

4

3M
b2b5 γ5 eΣ(γµΨµ)− iMγ5 (γµΨµ) = 0 . (VII.18)

b23 + b4b6
b3

D̂Ψ0 +
4i√
6M

b4
b1b4b6 + b2b3b5

b3(b1 + b2/
√
6)
iγ5D̂ (DµΨµ)−

i√
6

b4(b4b6 −
√
6b3b5)

b3(b1 + b2/
√
6)

D̂ (γµΨµ)+

+i
4

3M
b4b6 iγ5 eΣΨ0 −

4

3M
b4b5 iγ5 eΣ(γµΨµ)− iMγ5 Ψ0 = 0 . (VII.19)

i
b2b3b5 + b1b4b6

b3(b1 + b2/
√
6)
D̂ (DµΨµ) + i

M

4

b4b6 + b3(b1 + b2/
√
6)−

√
6b3b5

b3(b1 + b2/
√
6)

iγ5D̂ (γµΨµ)−

−iM
√
6

4

b6
b3
γ5D̂Ψ0 + i

2b6√
6
eΣΨ0 −

2b5√
6
eΣ(γµΨµ) +Mγ5 (DµΨµ) = 0 . (VII.20)

Allowing for the constraints f5 = fb∗2, b6 = gb24, we arrive at equations

A1iγ5D̂(γµΨµ) +B1iγ5D̂Ψ0 +R1iγ5D̂(γ5∂µΨµ)−

−i4f |b2|
2

3M
eΣ(γµΨµ)−

4gb∗4b2
3M

eΣΨ0 +M(γµΨµ) = 0 ,

A2iγ5D̂(γµΨµ) +B2iγ5D̂Ψ0 +R2iγ5D̂(γ5∂µΨµ)+

+
4fb∗2b4
3M

eΣ(γµΨµ)− i
4g|b4|2

3M
eΣΨ0 +MΨ0 = 0 ,

A3iγ5D̂(γµΨµ) +B3iγ5D̂Ψ0 +R3iγ5D̂(γ5∂µΨµ)−

−2fb∗2√
6
eΣ(γµΨµ) + i

2gb∗4√
6
eΣΨ0 +M(γ5DµΨµ) = 0 ,

(VII.21)

here the above determined parameters (VI.22) are used, Ai, Bi, Ri.
Let us multiply the first eq. in (VII.21) by a1, the second – by a2, the third – by a3, and sum the results, it gives

λ1iγ
5D̂Φ1 +MΦ1 +

[
−ia1

4

3

f |b2|2

M
+ a2

4

3
f
b∗2b4
M

− a3
2√
6
fb∗2

]
eΣ(γµΨµ) +

+

[
−a1

4

3

gb2b
∗
4

M
− ia2

4

3
g
|b4|2

M
+ ia3

2√
6
gb∗4

]
eΣΨ0 = 0 .
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Now, let us multiply the first eq. in (VII.21) by c1, the second – by c2, the third – by c3, and sum the results, this
yields

λ2iγ
5D̂Φ2 +MΦ2 +

{
−ic1

4

3

f |b2|2

M
+ c2

4

3
f
b∗2b4
M

− c3
2√
6
fb∗2

]
eΣ(γµΨµ) +

+

[
−c1

4

3

gb2b
∗
4

M
− ic2

4

3
g
|b4|2

M
+ ic3

2√
6
gb∗4

]
eΣΨ0 = 0 ,

Now, let us multiply the first eq. in (VII.21) by r1, the second – by r2, the third – by r3, and sum the results, this
yields

λ3iγ
5D̂Φ3 +MΦ3 +

[
−ir1

4

3

f |b2|2

M
+ r2

4

3

fb∗2b4
M

− r3
2√
6
fb∗2

]
eΣ(γµΨµ) +

+

[
−r1

4

3

gb2b
∗
4

M
− ir2

4

3
g
|b4|2

M
+ ir3

2√
6
gb∗4

]
eΣΨ0 = 0 ,

where the following combinations of bispinors are used

Φ1 = a1(γµΨµ) + a2Ψ0 + a3(γ5DµΨµ) ,

Φ2 = c1(γµΨµ) + c2Ψ0 + c3(γ5DµΨµ) ,

Φ3 = r1(γµΨµ) + r2Ψ0 + r3(γ5DµΨµ) .

(VII.22)

Collecting three equations together we have

λ1iγ
5D̂Φ1 +MΦ1+

+

(
−ia1

4

3

f |b2|2

M
+ a2

4

3
f
b∗2b4
M

− a3
2√
6
fb∗2

)
eΣ(γµΨµ)+

+

(
−a1

5

3

gb2b
∗
4

M
− ia2

4

3
g
|b4|2

M
+ ia3

2√
6
gb∗4

)
eΣΨ0 = 0 .

(VII.23)

λ2iγ
5D̂Φ2 +MΦ2+

+

(
−ic1

4

3

f |b2|2

M
+ c2

4

3
f
b∗2b4
M

− c3
2√
6
fb∗2

)
eΣ(γµΨµ)+

+

[
−c1

4

3

gb2b
∗
4

M
− ic2

4

3
g
|b4|2

M
+ ic3

2√
6
gb∗4

]
eΣΨ0 = 0 ,

(VII.24)

λ3iγ
5D̂Φ3 +MΦ3+

+

[
−ir1

4

3

f |b2|2

M
+ r2

4

3

fb∗2b4
M

− r3
2√
6
fb∗2

]
eΣ(γµΨµ)+

+

[
−r1

4

3

gb2b
∗
4

M
− ir2

4

3
g
|b4|2

M
+ ir3

2√
6
gb∗4

]
eΣΨ0 = 0 ,

(VII.25)

they may be re-written differently

λ1iγ
5D̂Φ1 +MΦ1 + eΣ

(
−ia1

4

3

b2
M

+ a2
4

3

b4
M

− a3
2√
6

)
[ fb∗2 γµΨµ − igb∗4 Ψ0 ] = 0 . (VII.26)

λ2iγ
5D̂Φ2 +MΦ2 + eΣ

(
−ic1

4

3

b2
M

+ c2
4

3

b4
M

− c3
2√
6

)
[ fb∗2 γµΨµ − igb∗4 Ψ0 ] = 0 , (VII.27)
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λ3iγ
5D̂Φ3 +MΦ3 + eΣ

(
−ir1

4

3

b2
M

+ r2
4

3

b4
M

− r3
2√
6

)
[ fb∗2 γµΨµ − igb∗4 Ψ0 ] = 0 , (VII.28)

Let us introduce notations

Φ̄1 = γµΨµ , Φ̄2 = Ψ0 , Φ̄3 = γ5DµΨµ ; (VII.29)

Z1 = −ia1
4

3

b2
M

+ a2
4

3

b4
M

− a3
2√
6
,

Z2 = −ic1
4

3

b2
M

+ c2
4

3

b4
M

− c3
2√
6
,

Z3 = −ir1
4

3

b2
M

+ r2
4

3

b4
M

− r3
2√
6
.

(VII.30)

Then the previous system (VII.26)–(VII.28) reads

λ1iγ
5D̂Φ1 +MΦ1 + Z1 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ2iγ
5D̂Φ2 +MΦ2 + Z1 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ3iγ
5D̂Φ3 +MΦ3 + Z3 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ;

(VII.31)

recall that

D̂ = γµDµ = γµ(∂µ − ieAµ), Σ =
1

4
(γλγρ − γργλ)Fλρ . (VII.32)

VIII. MIXING THE COMPONENTS

Let us start with three equations

Φ1 = a1Φ̄1 + a2Φ̄2 + a3Φ̄3 , Φ2 = c1Φ̄1 + c2Φ̄2 + c3Φ̄3 , Φ3 = r1Φ̄1 + r2Φ̄2 + r3Φ̄3 .

From the third equation one can express Φ̄3:

Φ̄3 =
1

r3
Φ3 −

r1
r3

Φ̄1 −
r2
r3

Φ̄2 ;

then two first take the form

Φ1 −
a3
r3

Φ3 = (a1 −
a3r1
r3

)Φ̄1 + (a2 −
a3r2
r3

)Φ̄2 , Φ2 −
c3
r3

Φ3 = (c1 −
c3r1
r3

)Φ̄1 + (c2 −
c3r2
r3

)Φ̄2 ,

or

r3Φ1 − a3Φ3 = (r3a1 − a3r1)Φ̄1 + (r3a2 − a3r2)Φ̄2 ,

r3Φ2 − c3Φ3 = (r3c1 − c3r1)Φ̄1 + (r3c2 − c3r2)Φ̄2 .

Thus, we have linear system with respect to the variables Φ̄1, Φ̄2:{
(r3a1 − a3r1)Φ̄1 + (r3a2 − a3r2)Φ̄2 = r3Φ1 − a3Φ3 ,

(r3c1 − c3r1)Φ̄1 + (r3c2 − c3r2)Φ̄2 = r3Φ2 − c3Φ3 .
(VIII.1)

Let us write down expressions for parameters (VI.31)–(VI.33)):

a2 = −a1
igλ1b2b

∗
4(b1 + b2/

√
6)

λ1(λ1 − b3)b3(b1 + b2/
√
6) + (λ1 − b3)[gb1|b4|2 + fb3|b2|2]− λ1g(b1 + b2/

√
6)|b4|2

,

a3 = −a1
4√
6

1

M

ib2(λ1 − b3)[gb1|b4|2 + fb3|b2|2]
λ1(λ1 − b3)b3(b1 + b2/

√
6) + (λ1 − b3)[gb1|b4|2 + fb3|b2|2]− λ1g(b1 + b2/

√
6)|b4|2

;
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c2 = −c1
igλ2b2b

∗
4(b1 + b2/

√
6)

λ2(λ2 − b3)b3(b1 + b2/
√
6) + (λ2 − b3)[gb1|b4|2 + fb3|b2|2]− λ2g(b1 + b2/

√
6)|b4|2

,

c3 = −c1
4√
6

1

M

ib2(λ2 − b3)[gb1|b4|2 + fb3|b2|2]
λ2(λ2 − b3)b3(b1 + b2/

√
6) + (λ2 − b3)[gb1|b4|2 + fb3|b2|2]− λ2g(b1 + b2/

√
6)|b4|2

;

r2 = −r1
igλ3b2b

∗
4(b1 + b2/

√
6)

λ3(λ3 − b3)b3(b1 + b2/
√
6) + (λ3 − b3)[gb1|b4|2 + fb3|b2|2]− λ3g(b1 + b2/

√
6)|b4|2

,

r3 = −r1
4√
6

1

M

ib2(λ3 − b3)[gb1|b4|2 + fb3|b2|2]
λ3(λ3 − b3)b3(b1 + b2/

√
6) + (λ3 − b3)[gb1|b4|2 + fb3|b2|2]− λ3g(b1 + b2/

√
6)|b4|2

.

Because a1, c1, r1 are still arbitrary, we may fix them to get parameters most simple. These are (they are collected
in three sets, symmetrical with respect the roots λ1, λ2, λ3))

a1 = λ1(λ1 − b3) b3(b1 + b2/
√
6) + (λ1 − b3) [gb1|b4|2 + fb3|b2|2]− λ1 g(b1 + b2/

√
6)|b4|2 ,

c1 = λ2(λ2 − b3) b3(b1 + b2/
√
6) + (λ2 − b3) [gb1|b4|2 + fb3|b2|2]− λ2 g(b1 + b2/

√
6)|b4|2 ,

r1 = λ3(λ3 − b3) b3(b1 + b2/
√
6) + (λ3 − b3) [gb1|b4|2 + fb3|b2|2]− λ3 g(b1 + b2/

√
6)|b4|2 ,

(VIII.2)

a2 = −igb2b∗4 (b1 + b2/
√
6) λ1 , c2 = −igb2b∗4 (b1 + b2/

√
6) λ2 , r2 = −igb2b∗4 (b1 + b2/

√
6) λ3 , (VIII.3)

a3 = − 4√
6

1

M
ib2[gb1|b4|2 + fb3|b2|2] (λ1 − b3) ,

c3 = − 4√
6

1

M
ib2[gb1|b4|2 + fb3|b2|2] (λ2 − b3) ,

r3 = − 4√
6

1

M
ib2[gb1|b4|2 + fb3|b2|2] (λ3 − b3) .

(VIII.4)

With notations

K = gb1b4b
∗
4 + fb3b2b

∗
2, L = (b1 + b2/

√
6), (VIII.5)

the above formulas become shorter:

a1 = λ1(λ1 − b3) b3L+ (λ1 − b3) K − λ1 L gb4b
∗
4 ,

c1 = λ2(λ2 − b3) b3L+ (λ2 − b3) K − λ2 L gb4b
∗
4 ,

r1 = λ3(λ3 − b3) b3L+ (λ3 − b3) K − λ3 L gb4b
∗
4 ,

(VIII.6)

a2 = −igb2b∗4 L λ1, c2 = −igb2b∗4 L λ2 , r2 = −igb2b∗4 L λ3 , (VIII.7)

a3 = −i 4√
6

1

M
b2K(λ1 − b3), c3 = −i 4√

6

1

M
b2K(λ2 − b3), r3 = −i 4√

6

1

M
b2K(λ3 − b3). (VIII.8)

To get solutions of the system{
(r3a1 − a3r1)Φ̄1 + (r3a2 − a3r2)Φ̄2 = r3Φ1 − a3Φ3 ,

(r3c1 − c3r1)Φ̄1 + (r3c2 − c3r2)Φ̄2 = r3Φ2 − c3Φ3 ,
(VIII.9)

let us find three determinants:

∆ = (r3a1 − a3r1)(r3c2 − c3r2)− (r3a2 − a3r2)(r3c1 − c3r1) =
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= r3r3a1c2 − r3r2a1c3 − r1r3a3c2 + r1r2a3c3−

−r3r3a2c1 + r3r1a2c3 + r2r3a3c1 − r2r1a3c3 =⇒

∆ = r3r3(a1c2 − a2c1) + r3r2(a3c1 − a1c3) + r1r3(a2c3 − a3c2) , (VIII.10)

∆1 = (r3Φ1 − a3Φ3)(r3c2 − c3r2)− (r3Φ2 − c3Φ3)(r3a2 − a3r2) =⇒

∆1 = r3(c2r3 − r2c3) · Φ1 + r3(a3r2 − a2r3) · Φ2 + r3(c3a2 − c2a3) · Φ3 , (VIII.11)

∆2 = (r3a1 − a3r1)(r3Φ2 − c3Φ3)− (r3c1 − c3r1)(r3Φ1 − a3Φ3) =⇒

∆2 = r3(c3r1 − c1r3) · Φ1 + r3(a1r3 − a3r1) · Φ2 + r3(a3c1 − a1c3) · Φ3 . (VIII.12)

These yield the formulas

Φ̄1 =
(c2r3 − r2c3) · Φ1 + (a3r2 − a2r3) · Φ2 + (c3a2 − c2a3) · Φ3

r1(a2c3 − a3c2) + r2(a3c1 − a1c3) + r3(a1c2 − a2c1)

Φ̄1 =
(c3r1 − c1r3) · Φ1 + (a1r3 − a3r1) · Φ2 + (a3c1 − a1c3) · Φ3

r1(a2c3 − a3c2) + r2(a3c1 − a1c3) + r3(a1c2 − a2c1)

(VIII.13)

Taking into account formulas (VIII.6)–(VIII.8) in (VIII.13), we obtain

Φ̄1 =
(−Φ2 +Φ3)λ1 + (Φ1 − Φ3)λ2 − λ3 (Φ1 − Φ2)

b3 L (λ2 − λ3) (−λ3 + λ1) (λ1 − λ2)
,

Φ̄2 =
1

b2 b3 Lg b∗4 (λ2 − λ3) (−λ3 + λ1) (λ1 − λ2)
×

×
[
iΦ1 (λ2 − λ3)

(
(λ3 − b3)λ2 + gb4 b

∗
4 + b3

2 − λ3 b3
)
−

−iΦ2 (−λ3 + λ1)
(
(λ3 − b3)λ1 + gb4 b

∗
4 + b3

2 − λ3 b3
)
+

+iΦ3 (λ1 − λ2)
(
(λ2 − b3)λ1 + gb4 b

∗
4 + b3

2 − λ2 b3
)]
.

(VIII.14)

Allowing for notations (VIII.5) in (VIII.14), we find

Φ̄1 =
(−Φ2 +Φ3)λ1 + (Φ1 − Φ3)λ2 − λ3 (Φ1 − Φ2)

b3
(
b1 + b2/

√
6
)
(λ2 − λ3) (−λ3 + λ1) (λ1 − λ2)

=

= − Φ1(λ2 − λ3) + Φ2(λ3 − λ1) + Φ3(λ1 − λ2)

b3
(
b1 + b2/

√
6
)
(λ2 − λ3) (λ3 − λ1) (λ1 − λ2)

,

Φ̄2 = − 1

b3
(
b1 + b2/

√
6
)
(λ2 − λ3) (λ3 − λ1) (λ1 − λ2)

i

b2 g b∗4
×

×
{
Φ1 (λ2 − λ3)

[
(λ3 − b3)λ2 + gb4 b

∗
4 + b3

2 − λ3 b3
]
+

+Φ2 (λ3 − λ1)
[
(λ3 − b3)λ1 + gb4 b

∗
4 + b3

2 − λ3 b3
]
+

+Φ3 (λ1 − λ2)
[
(λ2 − b3)λ1 + gb4 b

∗
4 + b3

2 − λ2 b3
]}

.

(VIII.15)

Now we calculate the term from (VII.31):

Φ ≡ fb∗2 Φ̄1 − igb∗4 Φ̄2 =

= − 1(
b1 + b2/

√
6
)
b2b3 (λ2 − λ3) (λ3 − λ1) (λ1 − λ2)

×
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×
[
Φ1 (λ2 − λ3)

(
fb∗2 b2 + λ2 λ3 − (λ2 + λ3) b3 + b3

2 + gb4 b
∗
4

)
+

+Φ2 (λ3 − λ1)
(
fb∗2 b2 + λ3λ1 − (λ3 + λ1) b3 + b3

2 + gb4 b
∗
4

)
+

+Φ3 (λ1 − λ2)
(
fb∗2 b2 + λ1 λ2 − (λ1 + λ2) b3 + b3

2 + gb4 b
∗
4

)]
, (VIII.16)

and coefficients Z1, Z2, Z3 from (VII.30):

Z1 = i
4

3

b2b3 L

M
λ1 (b3 − λ1) , Z2 = i

4

3

b2b3 L

M
λ2 (b3 − λ2) , Z3 = i

4

3

b2b3 L

M
λ3 (b3 − λ3) . (VIII.17)

There formulas should be taken into account in equations (VII.31) :

λ1iγ
5D̂Φ1 +MΦ1 + Z1 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ2iγ
5D̂Φ2 +MΦ2 + Z1 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ3iγ
5D̂Φ3 +MΦ3 + Z3 eΣ

[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 .

(VIII.18)

We readily can see that both in Zi and Φ one multiplier vanishes due to identity b2b3L = b2b3(b1+ b2/
√
6). Therefore,

the main system may be re-written as follows

iγ5D̂Φ1 +
M

λ1
Φ1 −

4i

3M

(b3 − λ1)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
eΣ F = 0 ,

iγ5D̂Φ2 +
M

λ2
Φ2 −

4i

3M

(b3 − λ2)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
eΣ F = 0 ,

iγ5D̂Φ3 +
M

λ3
Φ3 −

4i

3M

(b3 − λ3)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
eΣ F = 0 ,

(VIII.19)

where

F (x) = Φ1L1 +Φ2L2 +Φ3L3 =

= Φ1 (λ2 − λ3)
[
fb∗2 b2 + λ2 λ3 − (λ2 + λ3)b3 + b3

2 + gb4 b
∗
4

]
+

+Φ2 (λ3 − λ1)
[
fb∗2 b2 + λ3λ1 − (λ3 + λ1) b3 + b3

2 + gb4 b
∗
4

]
+

+Φ3 (λ1 − λ2)
[
fb∗2 b2 + λ1 λ2 − (λ1 + λ2)b3 + b3

2 + gb4 b
∗
4

]
. (VIII.20)

Recall that D̂ = γµDµ = γµ(∂µ − ieAµ), Σ = 1
4 (γλγρ − γργλ)Fλρ.

IX. EXTENSION TO GENERAL RELATIVITY

To generalize the model to requirements of General relativity, we should turn back to initial system (VII.1)–(VII.3):

b1D̂(γµΨµ)−
4b2√
6

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]
− iγ5M(γµΨµ) = 0 , (IX.1)

b3D̂Ψ0 − i
4b4√
6

[
(DµΨµ)−

1

4
D̂(γµΨµ)

]
− iγ5MΨ0 = 0 , (IX.2)

2√
6

{
b5

[
Dλ(γµΨµ)−

1

4
γλD̂(γµΨµ)

]
− −ib6

[
DλΨ0 −

1

4
γλD̂Ψ0)

]}
− iγ5M

[
Ψλ − 1

4
γλ(γµΨµ)

]
= 0 . (IX.3)

and make several changes..
1. Instead of ict-metric in Minkowski space now we are to apply the local metric tensor gαβ(x) (assuming the

signature (+,−,−,−)); also we should make the formal change

M −→ iM . (IX.4)

2. Now the Dirac matrices in spinor basis are the following

γ0 =

∣∣∣∣ 0 I
I 0

∣∣∣∣ , γi =

∣∣∣∣ 0 −σi

σi 0

∣∣∣∣ . (IX.5)
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3. Derivative operators are modified in accordance with the rule

Dα(x) = ∇α + Γα(x)− ieAα(x) , D̂ = γα(x)Dα(x) , (IX.6)

where Γα(x) stands for bispinor connection, and local Dirac matrices are defined with the use of tetrads: γα(x) =
γaeα(a)(x).

4. The following commutation rules are valid

γρ(x)Dβ = Dβγ
ρ(x) , D̂D̂ = �− ieFαβσ

αβ(x) +
R

4
, � = DαDα, (IX.7)

R(x) is the Rici scalar.
5. Note the properties of covariant matrix γ5(x):

γ5(x) =
i

4!
ϵαβρσ(x)γ

α(x)γβ(x)γρ(x)γσ(x) , ϵαβρσ(x) = ϵabcd eα(a)(x) e
β
(b)(x) e

ρ
(c)(x) e

σ
(d)(x), ϵ0123 = −1 . (IX.8)

Levy-Civita symbol ϵαβρσ(x) varies at tetrad transformation according to the rule

ϵ′αβρσ(x) = − det[Lai(x)] ϵ
αβρσ(x) . (IX.9)

In particular, at tetrad P -reflection it behaves as a pseuvdoscalar: ϵ(p)αβρσ(x) = (−1) ϵαβρσ(x) . We readily can prove
the identity

γ5(x) =
i

4!
ϵabcdeα(a)eβ(b)eρ(c)eσ(d) e

α
(m)γ

meβ(n)γ
neρ(k)γ

keσ(l)γ
l) =

i

4!
ϵmnklγ

mγnγkγl = γ5 . (IX.10)

The analysis performed above is valid in this more general case only with small formal modifications. Taking in
mind the formal changes:

M ⇒ iM, Φ̄1 = γµΨµ , Φ̄2 = Ψ0 , Φ̄3 = γ5DµΨ
µ ; (IX.11)

Z1 = −ia1
4

3

b2
iM

+ a2
4

3

b4
iM

− a3
2√
6
,

Z2 = −ic1
4

3

b2
iM

+ c2
4

3

b4
iM

− c3
2√
6
,

Z3 = −ir1
4

3

b2
iM

+ r2
4

3

b4
iM

− r3
2√
6
;

(IX.12)

eΣ = eFµνσ
µν =⇒ (eFµνσ

µν + i
R(x)

4
) . (IX.13)

instead the system (VII.31) we obtain

λ1iγ
5D̂Φ1 + iMΦ1 + Z1 (eFµνσ

µν + i
R

4
)
[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ2iγ
5D̂Φ2 + iMΦ2 + Z1 (eFµνσ

µν + i
R

4
)
[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ,

λ3iγ
5D̂Φ3 + iMΦ3 + Z3 (eFµνσ

µν + i
R

4
)
[
fb∗2 Φ̄1 − igb∗4 Φ̄2

]
= 0 ;

(IX.14)

and further arrive at (compare with (VIII.19))

iγ5D̂Φ1 + i
M

λ1
Φ1 −

4

3M

(b3 − λ1)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
(eFµνσ

µν + i
R

4
) F = 0 ,

iγ5D̂Φ2 + i
M

λ2
Φ2 −

4

3M

(b3 − λ2)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
(eFµνσ

µν + i
R

4
) F = 0 ,

iγ5D̂Φ3 + i
M

λ2
Φ3 −

4

3M

(b3 − λ3)

(λ2 − λ3)(λ3 − λ1)(λ1 − λ2)
(eFµνσ

µν + i
R

4
) F = 0 ,

(IX.15)
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where

F (x) = Φ1L1 +Φ2L2 +Φ3L3 =

= Φ1 (λ2 − λ3)
[
fb∗2 b2 + λ2 λ3 − (λ2 + λ3)b3 + b3

2 + gb4 b
∗
4

]
+

+Φ2 (λ3 − λ1)
[
fb∗2 b2 + λ3λ1 − (λ3 + λ1) b3 + b3

2 + gb4 b
∗
4

]
+

+Φ3 (λ1 − λ2)
[
fb∗2 b2 + λ1 λ2 − (λ1 + λ2)b3 + b3

2 + gb4 b
∗
4

]
. (IX.16)

X. CONCLUSIONS

The theory of a P-asymmetric spin 1/2 fermion with three mass parameters is developed. It is based on 20-
component representation of the Lorentz group. Starting with the Gel’fand - Yaglom approach, we derive a spin-
tensor form of a generalized wave equation. In absence of external electromagnetic fields, the system of equation
can be transformed to the form of three separate P-asymmetric Dirac-like equations for bispinor wave functions with
different masses. The values of masses values vary within some freedom, determined by parameters of the model. In
presence of external electromagnetic fields, three bispinors turn out to be linked into the unified system of equations.
If the scalar curvature of the space differs from zero, then between three bispinor components there arises additional
terms of geometrical interaction. Extension of the theory to General relativity is performed, at this there arises
additional interaction term through Ricci scalar function. The model for P -asymmetric fermion fermion with three
mass parameters allows for restriction to Majorana case.
The next step should be the development of a model accounting for both P-symmetric and P-asymmetric.
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