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NORMAL CONNECTIONS ON SYMMETRIC MANIFOLDS 

In this article we present a local classification of three-dimensional symmetric homogeneous spaces 

allowing a normal connection. We have considered the case of the unsolvable Lie group of transfor-

mations. The local classification of homogeneous spaces is equivalent to the description of the effective 

pairs of Lie algebras. We describe invariant affine connections together with their curvature and torsion 

tensors. We have studied the holonomy algebras of homogeneous spaces and have found when the in-

variant connection is normal. Studies are based on the use of properties of the Lie algebras, Lie groups 

and homogeneous spaces and they mainly have local character. The peculiarity of techniques presented 

in the work is the application of purely algebraic approach, as well as combination of methods of dif-

ferential geometry, the theory of Lie groups and algebras and the theory of homogeneous spaces. 

Key words: normal connection, transformation group, symmetric space, holonomy algebra. 
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.    ),( gg   

   .g   

}...,,{ 1 nee    g  dim=(n ).g  -

 ,  g   1 3, ..., ne e − ,  

1 2 2 1 3{ , , }n n nu e u e u e− −= = =  –  .m   -

    . ,d n   

  – . . ,d n m   d  –  

, n  –    )(3,gl , 

 m  –   ).,( gg    

     

1( ),uΛ  2( ),uΛ  3( ),uΛ    R  – -

 1 2( , ),R u u  1 3( , ),R u u  2 3( , ),R u u    -

 T  –  1 2( , ),T u u  1 3( , ),T u u  2 3( , ).T u u   

 1.   -

  ,  

 , ,  g  -

,  g   ( {0}≠g ),  -

  :  

1.1.5 e1 u1 u2 u3  

e1 0 u1 –u2 0  
u1 –u1 0 e1 0 , 
u2 u2 –e1 0 0  
u3 0 0 0 0   

1.3.5 e1 u1 u2 u3  

e1 0 –u2 u1 0  
u1 u2 0 e1 0 , 
u2 –u1 –e1 0 0  
u3 0 0 0 0   

1.3.6 e1 u1 u2 u3  

e1 0 –u2 u1 0  
u1 u2 0 –e1 0 , 
u2 –u1 e1 0 0  
u3 0 0 0 0  

 

2.9.12 e1 e2 u1 u2 u3

e1 0 –e2 u1 –2u2 2u3

e2 e2 0 0 0 u1

u1 –u1 0 0 e2 0 ,
u2 2u2 0 –e2 0 –e1

u3 –2u3 –u1 0 e1 0 
3.19.14 e1 e2 e3 u1 u2 u3

e1 0 –e2 e3 0 u2 –u3

e2 e2 0 0 0 u1 0
e3 –e3 0 0 0 0 u1 ,
u1 0 0 0 0 e3 e2

u2 –u2 –u1 0 –e3 0 e1

u3 u3 0 –u1 –e2 –e1 0 
3.21.6 e1 e2 e3 u1 u2 u3

e1 0 –e3 e2 0 –u3 u2

e2 e3 0 0 0 u1 0
e3 –e2 0 0 0 0 u1 ,
u1 0 0 0 0 e2 e3

u2 u3 –u1 0 –e2 0 e1

u3 –u2 0 –u1 –e3 –e1 0 
3.21.7 e1 e2 e3 u1 u2 u3

e1 0 –e3 e2 0 –u3 u2

e2 e3 0 0 0 u1 0
e3 –e2 0 0 0 0 u1 .
u1 0 0 0 0 –e2 –e3

u2 u3 –u1 0 e2 0 –e1

u3 –u2 0 –u1 e3 e1 0
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 1 2 0β + γ ≠ ,  1 3= = 0a α    ( , )g g  

 ,    -

    .  1 2 = 0β + γ , 

1 0a ≠   3 0α ≠    1.1.5.  

1 2= 0β + γ , 1 3 = 0a α      

,       . 

    1.3.  

1 1 2 1 2 1[ , ] = , [ , ] = ,e u u e u u− 1 1 1[ , ] = , .e u pe p ∈   

   1 2 1 1 3 3[ , ] = ,u u a e u+ α  

1 3 1 1 2 3 1 2[ , ] = , [ , ] = .u u u u u uβ β   3 1= 0, 0aα ≠  

 ( , )g g   1.3.5  1.3.6 -

 5(6):π →g g , 
1 1 1 1 1( ) = , ( ) = | | ,e e u a uπ π  

2( ) =uπ
 

1 2 3 3= | | , ( ) = .a u u uπ   1.3.5  1.3.6  -

,    6 6( , )g g  

 (2),su     6 6( , )g g  

 (2, ).sl     ( , )g g  

   ,    -

   . 
   3.21.   

 1 1 2 1 2 3 1 3[ , ] = 0, [ , ] = , [ , ] = ,e u e u pe e u pe  

 1 2 3 3 2 2 1 3 2 1[ , ] = , [ , ] = , [ , ] = ,e u qe u e u u e u pe−  

 1 3 2 3 2 3 1 3 3 1[ , ] = , [ , ] = , [ , ] = ,e u u re e u pe e u u+ −  

 0p ≠     -

.  = 0p ,  :  0r ≠  -

    , 

 2 = = 0a r     

,       

     ,  

2 > 0a , = 0r   ),( gg    

3.21.6 (    -

),  2 < 0a , = 0r    

3.21.7. ,  61 dimdim gg DD ≠ , 

71 dimdim gg DD ≠ ,    6g  -

 )(2,sl ,     7g  -

 (2)su .  ,    

  . 
   . 

 ( , )g g   ,  

   a    

 ,g  ,  =⊕g a g . 

 2.   -

   -

,   , 

,  g   g  ,  

  =⊕g a g ,  g  (  -

  )(3,gl )    

  

3.3 ; 3.4 ; 3.5 .

x y x y y x

z x z y y z

z x x z

− −

− − −
 

   -

  , -

  , ,  g  

 g  ,   -

 :  

Би
бл
ио
те
ка

 БГ
УИ
Р



36 Íîðìàëüíûå ñâÿçíîñòè íà ñèììåòðè÷åñêèõ ìíîãîîáðàçèÿõ 

Òðóäû ÁÃÒÓ   Ñåðèÿ 3    2   2017 

3.4.2 e1 e2 e3 u1 u2 u3
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e2 –e2 0 e1 0 u1 u2

e3 e3 –e1 0 u2 u3 0 ,
u1 –u1 0 –u2 0 e2 –e1

u2 0 –u1 –u3 –e2 0 –e3

u3 u3 –u2 0 e1 e3 0 
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 3.4.2,  < 0p   ( , )g g  -

 3.4.3. 

 1 2dim ( ) dim ( )≠r g r g   1dim ( ) ≠r g  

3dim ( )≠ r g ,  1 1( , )g g    

2 2( , )g g   3 3( , )g g .  3g  –  -

  ( 3 (2, )≅g sl ),    2g   

 ( 2 (2, ) (2, )≅ ×g sl sl ),  2 2( , )g g   

3 3( , )g g   .  

   3.5.    

 (   ,  g  –  -

 ) 1 2 2 2 3 3[ , ] = ,u u a e u+ α  1 3 2 1[ , ] =u u a e −

3 2 ,u− α  2 3 2 3 3 1[ , ] = .u u a e u+ α   =p
2 1/2

2 3= | / 4 |a −− α   
2

2 3 / 4.a ≠ α  
2

2 31. 4 = .a α   ( , )g g   -

   1:π →g g , ( ) = ,i ie eπ  

1 1 3 3 2 2 3 1=1,3, ( ) = ( / 2) , ( ) = ( / 2) ,i u u e u u eπ + α π − α

3 3 3 2( ) = ( / 2) .u u eπ + α  
2

2 32. 4 >a α .  ( , )g g   3.5.2 

  2:π →g g , ( ) = ,i ie eπ =1,3,i  

1 1 3 3( ) = ( ( / 2) ),u p u eπ + α  2 2 3 1( ) = ( ( / 2) ),u p u eπ − α  

3 3 3 2( ) = ( ( / 2) ).u p u eπ + α  
2

2 33. 4 < .a α    ( , )g g   

3.5.3  3:π →g g , ( ) = ,i ie eπ =1,3,i  

1 1 3 3( ) = ( ( / 2) ),u p u eπ + α  2 2 3 1( ) = ( ( / 2) ),u p u eπ − α  

3 3 3 2( ) = ( ( / 2) ).u p u eπ + α  

 1( ) {0}≠r g   2 3( ) = ( ) = {0}r g r g , 
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 2( (2, )≅g sl ),    3g   

 3( (2) (2)≅ ×g su su ).  ,  

 3.5.2  3.5.3  .  

3.    -
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 ,    -

,  .   

    , 
   . 
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= {[ ( ), ( )] ([ , ]) | , },x y x y x yΛ Λ − Λ ∈ g    
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= [ ( ), ] = ,V VΛ g    ( )Λ g    V .  -

  = ( )Λga g   * = gh a , . .  

.   . -

   .  
 ,   

,     -
 : 

   

3.19.14 
1,3 1,20 0 0 0 0 0 0

0 0 0 , 0 0 0 , 0 0 0

0 0 0 0 0 0 0 0 0

q r

 

3.21.6

3.21.7
 1,2 1,30 0 0 0

0 0 0 , 0 0 0 ,

0 0 0 0 0 0

q q

 

1,3 1,20

0 0 0

0 0 0

q q−

 

1.1.5 
1,3

2,3

3,2 3,1

0 0 0 0 0

0 0 0 , 0 0 ,

0 0 0 0

p

q

p q

 

1,1

2,2

3,3

0 0

0 0

0 0

r

r

r

 

1.3.5

1.3.6
 1,3 2,3

2,3 1,3

3,1 3,2 3,2 3,1

0 0 0 0

0 0 , 0 0 ,

0 0

p p

p p

p p p p

−

−

1,1 1,2

1,2 1,1

3,3

0

0

0 0

r r

r r

r

−  

2.9.12  ( ) 

   : 

   

3.19.14 0 0 1 0 1 0 0 0 0

0 0 0 , 0 0 0 , 0 1 0

0 0 0 0 0 0 0 0 1

− −

−  

3.21.6, 

3.21.7 
0 1 0 0 0 1 0 0 0

0 0 0 , 0 0 0 , 0 0 1

0 0 0 0 0 0 0 1 0±

1.1.5 
1,3 3,1

3,2 2,3

3,2 2,3 1,3 3,1

1 0 0

0 1 0 ,

0 0

p q

p q

p q p q

−

− +

−

1.1.5 
1,3 3,3 1,1 1,3

3,2 2,2 3,3 3,2

0 0

0 0 0 ,

0 0

p r r p

p r r p

−

−

2,3 3,3 2,2 2,3

3,1 1,1 3,3 3,1

0 0 0

0 0

0 0

q r r q

q r r q

−

−

1.3.5,  

1.3.6 
1 0

1 0 ,

0 0 2

A H

H A

A

−

− ± −  

1,3 3,3 1,1 1,3 1,2 2,3

2,3 3,3 1,2 1,3 1,1 2,3

0 0

0 0 ,

0

p r r p r p

p r r p r p

B C

− −

+ −  

2,3 3,3 1,2 1,3 1,1 2,3

1,3 3,3 1,1 1,3 1,2 2,3

0 0

0 0 ,

0

p r r p r p

p r r p r p

D F

− − +

− −  

2,3 3,1 1,3 3,2

1,3 3,1 2,3 3,2

A p p p p

H p p p p

= − +

= +
 

3,1 1,1 3,2 1,2 3,3 3,1

3,1 1,2 3,2 1,1 3,3 3,2

B p r p r r p

C p r p r r p

= − −

= + −

3,2 1,1 3,1 1,2 3,3 3,2

3,1 1,1 3,2 1,2 3,3 3,1

D p r p r r p

F p r p r r p

= − − +

= − −
 

2.9.12 0 0 1 0 0 0 1 0 0

0 0 0 , 0 0 0 , 0 2 0

0 0 0 0 0 0 0 0 2

−

−  

 
   

3.19.14 ( )1,3 1,2(0,0,0),(0,0,0), ,0,0q r−  

3.21.6, 3.21.7 ( )1,3(0,0,0),(0,0,0), 2 ,0,0q  

1.1.5 ( ) ( )3,2 3,1 1,3 1,10,0, , ,0,0 ,p q p r− −  

( )2,3 2,20, ,0q r−  

1.3.5, 1.3.6 ( ) ( )3,2 1,3 1,1 2,3 1,20,0,2 , , ,0 ,p p r p r− +

( )2,3 1,2 1,3 1,1, ,0p r p r− − −  

2.9.12  

 : 

 

2.9.12
2 1

2

2

0

0 2 0

0 0 2

p p

p

p

−  

3.19.14
2 1

3

3

0

0 0

0 0

p p

p

p−
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3.21.6, 3.21.7 
1 2

3

3

0

0 0

0 0

p p

p

p

−  

  2.9.12, 3.19.14, 3.21.6  3.21.7 -
  . 

 g  – . 

   

3.4.2, 3.4.3 
1,2 1,2

1,2

1,2

0 0 0 0

0 0 , 0 0 0 ,

0 00 0 0

p p

p

p

−

 

1,2

1,2

0 0 0

0 0

0 0

p

p

−

−

 

3.5.2, 3.5.3 
2,3

2,3

2,32,3

0 00 0 0

0 0 , 0 0 0 ,

0 00 0

p

p

pp

−

−

2,3

2,3

0 0

0 0

0 0 0

p

p−  

  3.4.2    
2

1,2 1p ≠ ;  3.4.3  3.5.2   

,  3.5.3 –   2

2,3 1p ≠ . 

   : 

   

3.4.2, 3.4.3 2

1,2

2

1,2

0 1 0

0 0 1 ,

0 0 0

p

p

2

1,2

2

1,2

1 0 0

0 0 0 ,

0 0 1

p

p

− ±

 

2

1,2

2

1,2

0 0 0

1 0 0

0 1 0

p

p

− ±

− ±

 

3.5.2, 3.5.3 2

2,3

2

2,3

0 1 0

1 0 0 ,

0 0 0

p

p

−

±

3.5.2, 3.5.3 2

2,3

2

2,3

0 0 1

0 0 0 ,

1 0 0

p

p

−

±

 

2

2,3

2

2,3

0 0 0

0 0 1

0 1 0

p

p

−

±

 

 
   

3.4.2, 

3.4.3 
( ) ( )

( )
1,2 1,2

1,2

2 ,0,0 , 0,2 ,0 ,

0,0,2

p p

p
 

3.5.2, 

3.5.3 
( ) ( )

( )
2,3 2,3

2,3

0,0, 2 , 0,2 ,0 ,

2 ,0,0

p p

p

−

−
 

 

   

3.4.3 
2 1

3 1

3 2

0

0

0

p p

p p

p p−

 3.4.2 2

1,2 1p ≠  

3.4.2 2

1,2 = 1p   

3.5.2 
1 2

1 3

2 3

0

0

0

p p

p p

p p

− −

−  3.5.3 2

2,3 1p ≠  

3.5.3 2

2,3 = 1p   

.  ,   
     

    
  , -

  .   
     

 ,   -
, ,    

  ,   
 . 

    -
   ,  

    , 
      -

   ,   
     -

      
 .  
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