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CBSI3HOCTHU HYJIEBOUW KPUBU3HBI HA OJHOPOAHBIX TPOCTPAHCTBAX
pa3pemuMbIX rpynmn Jlu

H.I1. MOXEN

[pencraBnena nokanbHas KIacCU(HKALMA TPEXMEPHBIX OJHOPOAHBIX IPOCTPAHCTB, MOIYCKAIOMINX HH-
BapHaHTHYIO aQ(GUHHYIO CBSI3HOCTb TOJIBKO HYJIEBOH KPUBH3HBI; paccMaTpuBaeTCs CiIydail pa3peliuMon
rpynnsl npeodpasoBanuil. JlokanpHas xiaccuUKamUs TaKMX OJHOPOAHBIX IPOCTPAHCTB SKBHBAICHTHA
OIMCAaHUI0 COOTBETCTBYIOIMX 3P PeKkTuBHbIX nap anreop JIu. Onucansl Takke camu adGUHHBIE CBSI3HO-
CTH BMECTE C MX TEH30paMH KpydeHus. McciienoBanusi OCHOBaHbI Ha HCIIOJIb30BAaHUY CBOWCTB anreop Jlu,
rpymn JIu ¥ OTHOPOIHBIX MPOCTPAHCTB U HOCAT, IJIABHBIM 00pa3oM, JIOKaJIbHBIA Xapakrep. PesynbraTe
paboTel MOTYT OBITH HCIIOJB30BaHBI B JuddepeHmansHON reoMeTpur, Teopun JuddepeHnnanbHbIX
YpaBHEHHUIA, TOIIOJIOTHH, B TEOPUH NPEICTaBICHUI U TEOpeTHYECKOH (hu3mKe.

Kinrouesbie ci10Ba: adpuHHAs CBA3HOCTS, IPYIIIA IPeoOpa30BaHHii, OHOPOIHOE HPOCTPAHCTBO, TEH30P KPUBU3HBL

A local classification of three-dimensional homogeneous spaces allowing invariant affine connections of
zero curvature only is considered. The case of the solvable group of transformations is studied. The local
classification of the homogeneous spaces is equivalent to the description of the effective pairs of Lie al-
gebras. The affine connections together with their torsion tensors are described. Studies are based on the
use of properties of the Lie algebras, Lie groups and homogeneous spaces and they mainly have local
character. The results of the work can be used in differential geometry, theory of differential equations,
topology, in the representation theory and theoretical physics.

Keywords: affine connection, transformation group, homogeneous space, curvature tensor.

BBenenne. Heo0XoaMMOoCTh CpaBHUBATh T€OMETPUYECKHE BEIMYMHBI B PA3HBIX TOYKAX MPO-
CTpaHCTBa JieJIaeT MOHSTHE CBSI3HOCTU OJIHUM M3 BaXKHEUITNX B reoMeTpuu U ¢usuke. «luddepen-
IHAIbHAsA T€OMETPUSI MHOTOMEPHBIX MPOCTPAHCTB PA3JIUYHBIX ‘‘CBSIZBHOCTEH SBIAECTCS OJHUM U3
MHTEPECHEUIIINX pa3esioB COBPEMEHHOM MaTemMaTuku. O4YeHb BEJIMKO €€ 3HAU€HUE U B COBPEMEH-
HOM (u3uke u MexaHuke» [1]. Borpoc o cyiecTBOBaHNN CBS3HOCTH HYJICBOW KPUBHU3HBI SBIISICTCS
OJTHOW M3 HEpelIeHHBIX MPOo0JieM, TaKhe CBSI3HOCTHU MO3BOJIAIOT AaTh T€OMETPHUECKYIO MHTEPIIpE-
TAIlMI0 HEKOTOPHIM TOHSATHSAM MaTeMaTHKH W (DU3HWKH, HApUMeEp, MOHATHE CBSI3HOCTH, OMpe/e-
JISIFOILEH TpesICTaBlIeHUE HYJIEBOM KPUBHU3HBI, UTPACT BAXKHYIO POJIb B TEOPUHU COJUTOHOB. AHAu-
3UPYs pa3pemmMocTh AU (HEepeHIIHAIEHOTO YPaBHEHHS, OMPEICIISIONIEr0 OJHOPOTHYIO T€OMETPH-
YEeCKYI0 CTPYKTYpPY, TaKKe MPUXOAAT K MCCIEAOBAHHUIO CBSI3HOCTH. Bonbmiol BkIax B pa3BUTHE
Teopur CBSI3HOCTEH BHecau paboter D. Kaprana, A. I1. Hopaena, I1. K. Pamesckoro, M. Kypursl,
A. TI. Hlupoxosa, 3. b. Bun6epra [2], I1I. Kobascu, K. Homuasy [3] u np. TpexmepHbsie ogHOPO-
HBIC TIPOCTPAHCTBA, Jomyckaromue ahGuHHbBIe CBI3HOCTH 0€3 KPY4eHUs, U3y4alrch, HAPUMED, B
[4], roe mpuBencH OoJiee MOAPOOHBIN TeMaTudeckuii 0030p, a Takke 0OOCHOBAaHHE MPUMEHSIEMBIX
METOJOB; MPH MU3JI0KCHUN COXpaHEHBI 0003HAYCHHs, BBEACHHBIC paHee. B manHOW pabore m3yuya-
IOTCS OJAHOPOJHBIE MPOCTPAHCTBA pa3pelIMMbIX Tpymni JIu, BHUMaHHE COCPEJOTOYEHO Ha Mpo-
CTpaHCTBAX, JOMyCKAMUX ad(UHHYIO CBI3HOCTh TOJBKO HYJICBOWH KPUBH3HBI.

OcHoBHble onpenenenus. I[lycte M — nuddepennupyemoe MHOroo0Opasmue, Ha KOTOPOM

TPaH3UTUBHO JeicTByeT rpymna G, G=G, — cTabuau3atop NPOU3BOIBHON TOUKH x €M .

Ipo6iieMa KiaccH(pHUKAIMH OXHOPOIHBIX IPOcTpaHcTB (M , G ) paBHOCHIbHA KIacCH(MUKAIHH Tap
rpymn JTu (G, G), tne G < G, Tak Kak M MOXeT ObITh OTOXKIECTBICHO ¢ MHOT0OOPa3HEM JIEBBIX
cMexHBIX KtaccoB G/G. Ilyects § — amreGpa Jlu rpymmsr Jlu G, a g — mojanre6pa,
cootBercTByromass mnoarpymmne G . Ilapa (g,g) anreOp Jlu Ha3wiBaeTcs 3¢hghekmusroil, ecnu
nogayiredpa g He COAEPKUT OTIMYHBIX OT HyJs uaeanoB g. [lapa (g, @) Ha3bIBAETCS U30MPONHO-
MOYHOIL, €CIIH TOYHO H30TpoIHOoe mpenacraBieHue ¢. [lapa (g,g) sBuserca mpusuanrvHot, €Ciu
CYIIIECTBYEeT KOMMYTAaTUBHBIN uyean a B anredpe Jlu g, takoi, uto gPa=7.
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HeoOxonumoe ycnmoBue cymiecTBoBaHUS ap@PUHHON CBA3HOCTH COCTOMT B TOM, YTO
TIpe/ICTABICHIE M30TPONHy 11 G IOMKHO OBITH TouHBIM, ecii G dddexruBna Ha G/ G. Ad-
(GuHHOI CBSI3HOCTHIO Ha mape (g, ) HaszpIBaeTcs Takoe oroOpaxkeHne A :g — gl(m), 4To ero or-
paHHuYEHUE Ha ¢ €CTh M30TPOITHOE MPEACTABICHUE MOJAITeOphl ¢, a BCe OTOOpaKEHHUE SIBISIETCA
¢ -MHBapUaHTHBIM, T. €. A([x, y]) =[A(x),A(y)] nnsa Bcex xe g,y €g. Tam, rae 3To He OyIET BBI-
3bIBaTh PA3HOUYTEHUS, OyJeM OTOXIECTBIIATh NOAIPOCTPAHCTBO, JOTIOJIHUTENIBHOE K ¢ B @, U (ak-
ToprpocTpancTBo m = g/g. Tenzopsl kpyuenus T € Ianzl(m) U KpUBH3HBI R € Ian31(m) HUMEIOT
Bug T'(x,,y,)=Ax)y, —A(y)x, — [x,y]m, R(x,,y,)= [A(x),A(y)]—A([x, y]) JUTSL BCEX X, V € @.

Kiuaccnpukanusi 0OXHOPOJAHBIX NPOCTPAHCTB, AONYCKAKIIHUX A(PPUHHYIO CBA3ZHOCTH
TOJIbKO HYJIeBOii KpUBHU3HBI. byjem onuceiBath napy (g, g) MPH MOMOIIX TaOIHUIIBl YMHOKCHHUS
anrebpsl g. Yepes {e,, ..., e,} obo3Haunm Oazuc g (n=dim g). Ilycte g nopoxnaeres e, ..., e, ;,
aiu=e ,u =e ,u,=e | —0asuc m. g Hymepanuu noganreOp UCIONIb3yeM 3anuch d.k, Ui
HyMmepauuu map — d.k.m, 31eck d — pa3MepHOCTb HojanreOpsl, k — HOMep mnogaareOpsl B
gl(3,R), a m —HOoMmep napsl (g, g); HyMepalusi COOTBETCTBYET NpuBeeHHOH B [5]. TpuBuanbHas
napa tuna d.k obo3Hauaercs d.k.1. byaem onuchiBaTh CBSI3HOCTH Uepe3 00pasbl 0a3UCHBIX BEKTO-
poB A(u,), A(u,), A(uy), TeH30p kpuBu3Hbl R — depe3 R(u,,u,), R(u,,u,), R(u,,u;), a TeH30p
kpydenust I —uepe3 T'(u,,u,), T(u,,u,), T(u,,u,;).

Teopema. Bce mpexmepnbie 00HOPOOHBIE NPOCMpAHCmMEa, Oonyckaowue agpdunnyio
CBA3HOCHMb MOJbKO HYNeGOU KPUBU3HLL, mMaxue, Ymo § pazpeuiuma, JLOKAIbHO UMEm 6U0
g@a=¢g ww 1.2.2, 1.2.3, 1.4.2, 1.7.3, 2.2.2, 24.2, 2.8.5, 2.9.2 (u£0,-1,-1/2), 2.15.2, 2.16.3,
2.19.5,3.8.7,3.13.3 (u#£0), 3.13.5, 3.14.3, 3.19.17, 3.20.25 (u#£0), 3.20.26 (A£1/4), 4.8.9, 4.11.5, 20e

1.2.2, u=A+1, A<-1 | e U, U Us3 1.2.3, p=1-A,0<A<1/2 | e U, U U3
€1 0 [Z31 )\.uz (7»+l)u3 (] 0 [Z51 7\4112 (1—7\.)143
U —U 0 us 0 Ui —Uy 0 0 0 5
Uy —7\,1/{2 —Us 0 0 N U —}\.uz 0 0 Ui
s “O+Du; 00 0 s O-Du; 0 —u 0
1.4.2, u=2\ | ey Uy Uy Us3
€1 0 }\,Ml—Z/lQ uﬁkuz 2)\4143
[Z51 —Xuﬁuz 0 Uus 0 N )\>0,
Uy —)\.Mz—ul —Uj 0 0
us 727\1/{3 0 0 0
1.7.3, A=2 | e U U Us 2.2.2, A=p=1 | e e Uy Uy U
e 0 Uy 2ur  uytus e 0 0 wu u, O
U U 0 0 U , €) 0 0 [Z31 0 us
U —2U2 0 0 0 (73] —Uup —Uj 0 0 0
Uus —U—us —Up 0 0 U —Uy 0 0 0 Uu,
U3 0O —u3; 0 —wu O
2.4.2, \=0,u=2 | e e, Uy Uy U3 2.9.2, \=p+l | e e, Uy U Us3
e 0 0  wy uy 2us e 0 (I-wey up (wHDuy  pus
()] 0 0 —Uy; Uy 0 () (H—I)EQ 0 0 0 Uu,
[Z51 —U U 0 Uus 0 . Ui —U; 0 0 0 U 5
U —u, —u; -uz 0 0 U —(utDu, 0 0 0 0
Uus —2u; 0 0 0 0 us3 —Hus —u —Uy 0 0
2.8.5, \=1 | e e U Uy U3 2.15.2 | e e, U, U Us3
€1 0 €] 0 0 Uu (53] 0 (53] 0 0 Uu
€ —€ 0 0 U, Us €s —€ 0 0 U u2+u3
Uu, 0 0 0 0 U, Ui 0 0 0 0 U .
[Z5) 0 —Uj 0 0 0 Uu 0 —Uj 0 0 0
us —Uy —Us —Up 0 0 us —Uq —Ur—U3 —Up 0 0
2.16.3. 2.19.5.
A=1/2 €] €) U Uy Us A=1/2 €] €) U U Us
(4] 0 —(1/2)61 0 0 Uu €1 0 —(1/2)61 0 0 u
e (172)e; 0 uy (12uy;  urt(12)us e (172)e; 0 uy utuy e H12)us
u 0 Uy 0 0 0 . [Z5] 0 —Uuy 0 0 0 .
175) 0 —(1/2) Uy 0 0 uy Uy 0 —U1—Uy 0 0 0
us —u; —uy—(12uz 0 U, 0 U3 —u;  —e(12u; 0 0 0
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387, )\Fl, H_—l €1 () €3 [Z3 U Us
e 0 0 2@3 Uu, 0 —Us
e 0 0 —€3 0 Uy us
€3 —263 €3 0 0 0 u;
Uu —Uy 0 0 0 0 U 5
U 0 —Uj 0 0 0 0
U3 us  —uz —-u; —-u; 0 0
3.13.3, A=1—p, 0<u<2 e e, es Uy U Us
e 0 (1-2we>  (1-wes  uy  (I-puy  pus
e Qu-)es 0 0 0 0 s
e; (p—1)es 0 0 0 0 u,
U, —U 0 0 0 0 0
u (p—1Du, 0 0 0 0 U
Us —Hu3 —Uy —U 0 —Uj 0
3135, 7\.:1+].L, —2<|J,<0 €1 €7 €3 U U Us
e 0 er (1-wesz wu;  (I+Wu, pug
€ —€) 0 0 0 0 U
es (p—1)es 0 0 0 0 U,
[Z5] —U 0 0 0 0 Uy
U —(ut+tDu, 0 0 0 0 0
Uus —u3 —Uy - —Uy 0 0
3.143, 3.19.17,
u=2 e e, es U Uy U3 A=1/2 e e, e; Uy Uy U
(53] 0 —362 —€3 Uu —Uy 21/!3 €] 0 —2@2 —€3 0 21/!2 us
e, 3e, 0 0 0 0 U e 2e, 0 0 0 wu e
es €3 0 0 0 0 Ui N es e3 0 0 0 0 [Z51
U —u 0 o 0 O 0 u 0 0 o o0 o0 O
Uu Uy 0 0 0 0 U [Z5) —2M2 —Uu; 0 0 0 0
Uus —21/{3 —Uj —U 0 —U 0 Uus —Uj —€3 —U 0 0 0
3.20.25, A=2p, u<0 e e, e U, U us
e 0 (12wey, (l-wes; wu; 2pu, pu;
()] (2“,—1)62 0 0 0 Uu, €3
es (p—1es 0 0 0 0 uy
[Z31 —U 0 0 0 0 0
U —2“,1/[2 —U | 0 0 0 0
us —lut3 —e3 - 0 0 0
32026, }\>0, sz}\. €1 € €3 U U Uus
€1 0 (1—)&)62 (1—2)\,)63 Ui 7\4112 27\.143
e (=1)e, 0 0 0 u, 0
€3 (2}\.—1)63 0 0 0 €s U 5
U, —U 0 0 0 0 0
Uy —Ally - —e, 0 0 0
us —2)\,143 0 —U 0 0 0
4.8.9, =1, p=1 e e, es ey U] Uy U3
(53] 0 0 2@3 €y [Z31 0 —Us
€) 0 0 —€3 0 0 Uu Uus
es —263 €3 0 0 0 0 Uu,
€y —€4 0 0 0 0 0 U .
Uy —u, 0 0 0 0 0 u
Uy 0 —-u 0 0 0o 0 O
us us Uz —Uu; —-U; —U 0 0
4.11.5, =0, pu=1/2 | e, e, e ey U, U Us
(4] 0 0 €3 €y [Z31 0 0
€ 0 0 —€3 —(1/2)64 0 U (1/2)1/[3
es —e3 e; 0 0 0 u ey
€4 —€4 (1/2)64 0 0 0 0 Ui
[Z31 —U; 0 0 0 0 0 0
Uy 0 —Uy —u; 0 0 O 0
us 0 —(1/2)143 —€4 —U 0 0 0

3nech mpeanonaraeTcs, 4Yro napameTpsl 0003HAUCHBI TPEYEeCKUMH OyKBaMHU U NpHHAuIeKaT R,
anreOpbI ¢ OTMHAKOBHIMUA HOMEPAaMH, HO Pa3HBIMH 3HAUCHHUSIMU TTAPAMETPOB, HE COTPSDKEHBI JIPYT APYTY.
Hoxazamenvcmeo. CHauana g kaxaod momanreOpel g B gl(3,R) HaiineHsl TpexmepHble
M30TPOITHO-TOYHBIE TIAPBI, Jajiee W3 HUX BBIIEIICHBI MAphl C Pa3pelIMMON alreOpol ¢, TOITyCKAOIIIe



CBsI3HOCTH HYJIEBOM KPUBHU3HBI HA OJTHOPOJHBIX IIPOCTPAHCTBAX pa3pemiMMbIx rpymnm Jln 107

CBSI3HOCTh TOJIBKO HYJIEBOI KpHBH3HBI. ba3uc monanredpsl, Mo yMoI4aHuUIO, BEIOMpaeM, MpUIaB OIHON
U3 JIATUHCKUX TI€PEMEHHbIX 3HadeHue 1, a ocrambHbIM (0, Hymepauust Oa3HUCHBIX BEKTOPOB
COOTBETCTBYET angasuty. PaccMoTpum, HanpuMep, city4yaid, korja nojaiaredpa g umeer Bun 1.2, 1. e.

X
g - Ax x e R,A<u<l,Ap> 0,0
px

TOr/a le,u,]=u,,[e,u,]=Au,,[e,u,] = pu,. [Honoxum [u,,u, ] =a,e+ o,u+ o,u,+ o,
[u,,u,1=be +Bu, +Bu, +PBus, [u,,u,FF ce+y,u+7y,u,+7v,u,. IlpoBepus toxaectBo Axobw,
MOJy4YuM, 4To eciu U+A#1 u p—A #1, To mapa (g,g) SKBUBAJICHTHA TPUBHAJIBHOM Mape, €Ciu
p—A=1, To mpu o, =0 mapa TpuBHanbHa, a Ipu O, # (0 SKBUBAJIEHTHOCTH Hap (g,g) u 1.2.2
YCTaHOBUT OTOOpakeHue m:g, = g, n(e) = e, m(u,) = u,, m(u,) = ou,, ©(u;) = u,. Eemm p+A =1,
To npu ¥, =0 mapa TpuBHanbHa, a npu Y, # 0 mapa (g, g) >KkBHBaJIeHTHA mape 1.2.3 nmocpeacTsom
n:g,—>9g, wnle)=e, mu)=u, m(u,)=yu,, m(U)=u,. ITockonbpky dim D*g, =0,
dim D’g, =1 u dim D*g, =1, TpuBHabHas napa He SKBMBaJEHTHA Jr060# U3 map 1.2.2 wu 1.2.3.
Paccmorpum romomopdusmer  f;:g, = gl(3,R) (i=2,3), roe f,(x) = MaTpuia oToOpa)kKeHUs
ad | 5, X B Oasuce {u,u,,u;}, x€g,. Illockonpky noganredpel f,(g,) u f;(g;) HE CONpPSIKEHBI,
napsel 1.2.2 u 1.2.3 He SKBUBAJICHTHBI.

B cnyuae 1.4 Bextopa [e,u;],1<i<3, umeror Bun [e,u]=Au, —u,, [e,u,]=u +Au,,
[e,u;]= ;. Tlomoskum  [uy,u,]= ae; + o, +u, + iy, [uyu,]= by + Py + Pou, +Pius,
[u,,u,]=ce +v,u, +v,u, +y;u,. [IpoBepus ToxkaecTBO SKO0OH, MOIYyUaeM, 4yTo npu p#2A o, =0
u napa (g,g) TpuBHalIbHA; npu W =2A: ecau o, #0, To napa (g,g) >KBHUBaJeHTHa mape 1.4.2
nocpeacTsoM m:g, =g, m(e)=-e,m(y,)=u,m(U,) =u,,™(u;) =a,u,, a ecnu o, =0, To mapa
TpusuanbHa. [lockosbky dim D°g, # dim D*g, , nojiyueHHbIe NIapbl HE SKBUBAIEHTHBI JIPYT APYTY.

B cmyuwae 1.7 (A=2) [e,u,]=u,, [e,u,]1=2u,, [e,u,]=u,+u,. Ilockompky h=g -
nwibnotentHas anrebpa Jln, umeem goH)=Re, 7" (H) Ry, ®Ru,, g?(h)=Ru,, Torna
(u,u,] =[u,,u;1=0, [u,u,]=P,u,. Ilpu B,=0 mnapa (g,g) TpuBuampHa, npu f,#0
SKBUBAIEHTHOCTh (g,g) ¥ 1.7.3 yctaHaBmmBaer m:g, > g, n(e)=¢, m(u,)=u,, mu,)=p,u,,
n(u,) = u,. Tockonbky dim D*g, # dim D*g, , moTy4eHHbIe Naphbl HE YKBUBAJICHTHBL.

B ciyuae 2.2 3amMeTuM, uTO ¢ — HWIbNOTeHTHas anrebpa Jlu, Torna §*” (g)=Re, @ Re,,
0@ Ry,  §V(@ Ry, §V(@Ry,  n o [uu,]ed(0), [w.u]ed M (g),
[t,,u,1€ " (g). Ecou L1 wmm p#1, 1o [u,u,]=[u,u,]=[u,,u,]=0, napa TpuBHAIbHA; €CITH
A=p=l, 10 [u,,u,1=0, [u,,u;]=0, [u,,u;]=7yu,, opu y, =0 napa TpuBHanbHa, npu Yy, # 0 mapsl
(9,9) u 2.2.2 HKBUBAJICHTHBl IOCPEACTBOM T:g, > g, n(e)=e, mnle)=e,, n(u)=u,
m(u,) = (11y,)uy, m(uy)=u,. Mockonsky dim D@, # dim D*g, , napsl He SKBUBAJIEHTHbL.

B cinyuae 2.4 uyepes b o0003HAUMM HMJIBINOTEHTHYIO nojairedpy anredopel Jlu g,
nopoxaeHayo e . Ilpu A=pn=0 wumeem [e,e,|=0, [e,u]=u,, [e,u]l=-u,, [e,u,]=u,,
le,,u,]=u,, [e,u,]= pe +qe,, [e,u,]=re+se,, Tockombky g (h) > Re @ Re, ®Ru,,
OO SRy ORu, u [u,1,]€F70), (1.1 0),  [00,]€T0) = [u.1,]=0,
(u,uy 1= By, +Bu,, [u,,u,]=7vu, +v,u,. B cumy Toxnecrsa Sxo6u mapa (g,g) SKBUBaJIEHTHA
TPUBUAIBHOM mape npu nomoum m:g —>g, nle)=e, i=1,2, n(w)=u, nu,)=u,,
(uy) =u, +Pe —P,e,. Illyctb A#0 umm p=0, torna [e.e,]=0, [e,u]=u, [e,,u]=-u,,
le,u,]=u,, [e,u,]=u, [e,u;]=pu,, [e),u;]=2u,. Tockomeky g (h) > Re @ Re,,
() >Ry, ®Ru,, gV (O)DRuy u [u,u,]1€7O0), [w,u,1€d"™(O0), [u,,u,1€g™(O) =
(u,u,]=ouy,  [u,u,]=be +be, +Pu, +Bu,, [u,,u;]=ce +ce,+yu +vy,u,, B cury
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ToxkaectBa SIkobu [u,,u,]= oy, [u,u,]1=0, [u,,u]=0, o (A°+(u—2)*)=0. IIpu o, =0 napa
(9,9) DKBUBaJEHTHa TpUBHAIBHOM mape, mpu o, #0 (g,g) dSkBUBaneHTHa mape 2.4.2
NOCPEICTBOM T :g,—>g, mn(e)e, n(e)=e,, n(u ), mu,y=u,, mn(u,)~o,u,. Ilockonbky
dim D*g, # dim D’g,, noy4eHHble Napbl HE SKBUBAJICHTHBI.

B ciaydsae 2.8 mpu A=1 nmeem: l) — HWIbMOTEHTHas MoAaireOpa, MOPOXKIAEHHAS e,, TOrIa
le.e, e, le,uFpe, le,u,Fqe,, le,u;Fu, [e,u,F0, [e,u,Fu,, [e,,u;JFu;. Hmeem
g ()Re, 77O)FRe, ®Ruy, FVOFRu, ®Ruy u [u,u,1€ 5 (0) = [u,u, Fro,u, +ous,
[u,,u,1€ 8 () = [u,,u, Fy u, + vy, [uy,u,]€ 32 (h) = [u,,u, 0. Ucnons3osas ToxecTBo SIkobwy,
HOIy4HM, 9TO [u,,u,] =0, [u,u;]= y,u, + pu;. llpu p =0 umeem: eciu v, = 0, To napa TpUBHAJIBHA,
ec v, #0, To mapa (g,g) SKBuUBaleHTHA mape 2.8.5 mocpencTsoM m:gs —> g, m(e)=e,i=1,2,
w(u,) =u,, mu,)=7y,u,, ™u,)=u,. llpp p#0 g He ABIAETCA pa3peIIMMON M IIapa HE BXOIUT B
paccMartpuBaeMslii B pabote kiacc. [Tockonbky dim Z (g, Jzdim Z(g;) , mapbl He IKBUBAJICHTHBL.

B ciyuae 2.15 B cuiy TokaectBa Axobu [u,,u,]=0, [u,u,]=B,u,, [u,,u,]=0, opu B, =0
napa (g,g) SKBUBAJCHTHA TpUBHAIbHOU mape, npu B, # 0 mapa (g, g) dkBHBaneHTHa mape 2.15.2
IIOCPEACTBOM T :g—> @, Tc(el):(l / Bz )e] > n(ez ):ez’ n(“] =1/ Bz )ul > TC(L[z ):uzs n(”3 ):u3'
[ockonbky dim D°g, # dim D*g, , napbl He SKBUBAJICHTHBI.

B ciyugae 4.8 (A =—1, p = 1) HunBNOTEHTHAS NoAanredpa b mOpokaeHa BEKTOpaMu e, | e,,
le,,u;]= u, + pe,, [u,u,]=0, [u,u]=7v,u,, [u,,u;]=0.H3 roxaectsa Axobu ciexyer, 4To napa
skBuBalieHTHA 4.8.9 nipu y, + p# 0 mocpeactsom mwigy —> g, n(e)=e, mu)= p+7y,u, + pe,,
n(e,)=e,, mu,)=u,, m(e;)=p+y,e, n(u,)=u,, mn(e,)=e,. Ecomm p+y,=0, 10 mnapa
SKBUBAJICHTHA TPHUBHUAIBHON Iape mnpu noMomu mn:g — g, mn(e)=¢, m(u)=p+7y,u, +pe,,
m(e,) =e,, mu,)=u,, nle;)=e;, mu;)=u;, nley)=e,.

B ciyuae 4.11 (A = 0, p = 1/2) b noposxkeHa BeKTopamMu e,,e,, Torna g (h) = Re, ® Re,,
() =Re,, §P(0)=Rep 300 =Ry, FO)=Ru,, ' (0H)=Ru,. B cmny
ToxaecTBa Skoou [e,,u,]= pe,, [u,,u,]=[u,u,]=[u,,u,]=0. IIpu p =0 napa TpuBHanbHa, NpH
p#0 mapel (g,g9) u 4.11.5 SKBUBaJIEHTHBl MOCPEICTBOM T:g, > g, mn(e)=e, i= 1,4,
wu,)=pu;, j= 1,3. Mockoneky dim D°g, # dim D@, , mapbl He SKBUBAJIEHTHBI JIPYT JPYTY.

OcranpHbIE CIyYau pacCMaTPUBAIOTCS aHAJIOTHYHO.
AddunHas cBI3HOCTb HasbIBaeTCst mpusuanvhou, ecim A(u,) = A(u,) = A(u,) = 0. Y Beex
BBIIICTICPEUNCIICHHBIX Tap (B HEKOTOpoM Oa3uce) apduHHAs CBA3HOCTb TPUBHMAJIbHA C HYJIEBOU

KPUBU3HON M KPYUYCHHEM, 33 UCKIIOYCHUEM BBIITMCAHBIX J1aJIee.
Ecau TeH30p KpydyeHus: HyJeBoH, To adhGruHHas CBA3HOCTh UMEET BUI:

ITapa AddunHas CBSI3HOCTH
0 00
4.11.5,3.19.17,3.20.25 n=0 Aw)=0,A;)=0,Au;)=|0 0 1
0 0 0
0 0 0Y(O O O0Y(O O O
32026 A=1/3,1/4 [O 0 0L, O 0 O ,(O 0 0
00 0)JlO 1 0)l0 0 O
0 0 0)(0O O 0)(0 O rj;
2.19.5 0 0 0}, 0 0 0}, 0 0 1 |rs3€eR
0 0 0){0O 0 O0)0 0 O
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Ecnu TeH30p KpydeHHsI MOXKET ObIThb HEHYJIEBBIM, TO aUHHAS CBS3HOCTb W CaM TEH30p
KPy4E€HHS UMEIOT BUJL:

ITapa AddunHas CBSI3HOCTH
0 0 g3 0 —¢,5 0
3.133 p=0,3.143 Aw)=0,A,)={0 0 0 [,A(u3)=|0 0 0
00 O 0 (U
4.8.9,3.8.7,3.13.5,2.8.5 000 000 0 00
292 K#1/2 (n#0.1,~1,-1/2).2.15.2 00 pas ’{0 0 0} =pas 00
00 O 0 0 O 0 0 0
0 0 0)(0 0 q3)(0 7, 0
222,123 [O 0 OJ, 00 O }, 0 0 OJ
0 0 0)l0 0 O 0 0 O
00 0Y(0 0 q5)(0 —q15 13
2.16.3 0 0 0,0 O O |0 0 0
00 o} {0 0 0 [o 0 0
0 0 0Y(0 0 ¢3)(0. 7/, O
3.20.26 A=1/3 [O 0 0}, 0 0 O 1, 0o 0 0
0 0 0)l0-1T 0 0O 0 O
0 0 o 0 0 0)(0 O O
242,142 0 0 0 [ 0 0O 0[,0 0 O
P30 P3p 0 —P32 P31 0)0 0 0
0 0 -0 0 0 O 0 0 0
292 u=1,173 0 0 pys [.|O 0 Of|-py3 0 14
00 0 0 0 O 0 0 0
00 0Y(0 00\ 0 0 r;
2921=1/2 (n#0,1,-1,-1/2) 00 pys|{O 0 Of,|-pp3 O 0
00 O 0 0 0 0 0 0
0O 0 0 0O 0 0)(O0O O O
1.2.2 o o oL 0 O 0[O OO
0 p3, 0)Jlg;; 0 010 0 O
ITapa TeH30p KpyueHUs

T(uy,uy) = T(uy,uy) =0,

3.14.3,3.133 u#0,2.16.3
T(uy,u3) = (24,5-1,0,0)

4.89,3.8.7,3.13.5,2.85,2.92 p# 0-1-12,2.152,1.7.3 (0,0,0),(0,2p,5-1,0),(0,0,0)
3.2026 A =1/3 (0,0,0),(0,0,0),(q; 5 —7 ,.0,0)

222,123 (0,0,0),(0,0,0),(g 3~ , ~1,0,0)
242,142 (0,0,2p;, -1),(0,0,0),(0,0,0)

122 (0,0, p55 — 5, ~1).(0,0,0,(0,0,0)

3akiouyenne. Takum 00pa3oM, pUBEICHA B SSBHOM BHJE KiacCH(UKAIMA TPEXMEPHBIX OJIHO-
POITHBIX MPOCTPAHCTB C pa3pelIMMO TPYIIOi MpeoOpa30BaHuii, JOITYCKAIOIUX CBSI3HOCTh TOJBKO HY-
7eBoi KpuBHU3HBL. ONUCaHBI TAK)Ke CaMl WHBApUAHTHBIE ad(UHHbBIE CBSI3HOCTH Ha KaXIOM TaKOM IIpO-
CTpaHCTBE M HAMJEHBI TEH30pHl KPy4YEeHHsl yKa3aHHBIX CBS3HOCTEH. lcciemoBaHus OCHOBaHbBI Ha HC-
NOJIb30BaHKMHU CBOICTB anreOp JIu, rpymnm JIu u 0HOPOAHBIX MPOCTPAHCTB U HOCST, TJIABHBIM 00pa3oMm,
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JIOKaJIBHBIN XapakTep. B paboTe ncrnonp3oBaH anredpandecKuii moaxo K mpodiemMe Uccaea0BaHus Ofl-
HOPOJIHBIX MPOCTPAHCTB ¢ ap(PUHHBIMU CBSI3HOCTSIMH, & TAK)KE COSJMHEHUE Pa3IMuHbIX METOJIOB AUd-
(hepeHIanbHON TEOMETPHH, TEOPUH TPYTI U anreOp JIu 1 Teopuu 0JJHOPOIHBIX IPOCTPAHCTB.

Jlureparypa

1. Be6nen, O. OcnoBanus quddepenmansHoi reomerpru / O. Bebien, k. Yaiirxen. — M., 1949. — 230 c.

2. Bunbepr, 2.b. nBapruanTHbIe TMHEHHBIE CBI3HOCTH HA OAHOPOIHOM MpocTpaHcTse / O.b. Bun-6epr //
Tpymer MockoBckoro mart. obmiecta. — 1960. — T. 9. — C. 191-210.

3. KobGascu, 11I. OcuoBbl nuddepenimansaoi reomerpun: B 2 T. / L. Kobascn, K. Homumzy. — M. :
Hayka, 1981. -2 1. — 416 c.

4. Mozhey, N.P. Torsion free affine connections on three-dimensional homogeneous spaces / N.P. Moz-
hey // Siberian Electronic Mathematical Reports. —2017. — Vol 14. — P. 280-295.

5. Moxeit, H.I1. TpexmepHble U30TPOITHO-TOYHBIE OAHOPOAHBIC MPOCTPAHCTBA M CBSI3HOCTH HAa HUX /
H.IT. Moxeii. — Kazansb : M3a-Bo Kazan. yu-ta, 2015. — 394 c.

benopycckuii rocy1apCTBEHHBIN YHUBEPCUTET
UH(POPMATUKU U PAJAUOITICKTPOHUKH [Toctynuna B penakuuio 29.09.2017





