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Figure 2. A – the experimental setup, B – arrangements of laboratory works, C – example of integration of 
laboratory work with the simulation of the investigated processes 

III. CONCLUSIONS 

The modeling possibilities are as varied as the developer's fantasy is. It is important that the computer 
application does not complicate the understanding of the process under study. The possibility of combining a 
natural experiment and a process model can give an effective educational result. 
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I. INTRODUCTION 

Ecology and environmental sciences problems are very important in modern world. Time series analysis 
methods, particularly an ARIMA family of models and related Box-Jenkins methodology are powerful 
methods developed in econometrics field to describe complex time-dependent behavior of different 
processes. Also, it has been shown that such models could be used for analysis and prediction of ecological 
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data [1]. In particular, ARIMA models have been successfully applied to air pollution data around the world 
[2,3,4]. Aim of this paper is to apply time series analysis methods to investigate water pollution in Ukraine. 
We are using datasets provided by the Ukrainian government (State Water Resources Agency of Ukraine) 
which contain information about biochemical oxygen demand (BOD) [5], ammonium ions concentration [6] 
and phosphate ions concentration [7] in river water. Values of concentration are measured at eight 
consequent water stations. The original data contest was aimed to predict concentration level at one of the 
stations using values at the other ones. Time series values have got periods of missing data. First of all, 
these missing parts need to be calculated. Spline functions have been used to solve this task. In the paper 
mathematical models describing behavior of concentration and BOD level time series at the target station 
are built. Also, models aimed to describe dependence of concentration at the target station on levels at the 
other stations are constructed and investigated. Influence of pollution values at intermediate stations on 
levels at the target stations are investigated with statistical tests. The proposed technique can be used to 
investigate pollution at plants in other domains of industry and to handle missing values in various time 
series. 

II. DATA STRUCTURE 

Three major indicators of water pollution are investigated: BOD (Biochemical Oxygen Demand), ammonium 
ions concentrations and phosphate ion concentrations (High phosphate and ammonium levels are usually 
detected in large cities and agricultural areas and could be sign of sewage contamination). We will refer to 
these datasets as BOD, ammonium and phosphate. There are values of seven water station measuring 
pollution level. Missing values in all analyzed time series have been handled by means of spline functions. 

III. EXPERIMENTS 

Autoregressive moving-average (ARIMA) models have been used to describe temporal dependencies in 
selected time series. Orders of ARIMA models have been chosen through exploratory analysis of ACF/PACF 
plots and numerical optimization of information criteria. Some of models showed quarter seasonality, which 
have been used to describe data using seasonal ARIMA (SARIMA) models.  

Linear regression models of ammonium and phosphates ions concentration level in river water have been 
constructed. The models describe dependence of values at the target station on values at the intermediate 
ones. Determination coefficients of these models are between 45% and 53%. Low determination coefficients 
in regression model between target station and stations 1 and 2 could indicate that pollution is introduced 
somewhere on this interval.  

The ArDL models describing connection between the BOD value and phosphates concentration level have 
been constructed. Also, mutual dependence between ammonium concentration time series behaviour and 
phosphates concentration time series values has been proved with statistical tests. 

The ArDL models of dependencies between values at the intermediate stations and at the target one for 
ammonium, phosphates and BOD values are also shown. 

IV. CONCLUSIONS 

Exploratory data analysis detects irregular pollution spikes in the river water. ARIMA models have been used 
to describe how those spikes affect river water quality in the following periods and how river ecosystem 
responds to introduced external pollutants. Constructed ArDL models describe dependency between 
phosphates/ammonium and BOD, providing useful relations how pollutant ions affect BOD directly and over 
time. Coefficients of those model can be used to describe rates of those processes. Also, regression models 
fitted to spatially distributed data between water stations were able to predict where exactly pollutants have 
been introduced to the river and how long it affects quality of water further downstream. 

This work is meant to show how simple and computationally inexpensive yet powerful and interpretable 
statistical methods could be used for analyzing environmental data to construct ecological mathematical 
models, which require only basic data that is currently collected due to governmental regulations. Alternative, 
more fundamental way of constructing such models would require extensive theoretical analysis of the 
problem, involving experts and field work; such models would generally be more correct and descriptive, but 
their construction is not always feasible. 
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I. INTRODUCTION 

One of the most important model problems of celestial mechanics and cosmodynamics is the two-body 
problem, which describes the interaction of two-point mass, moving under the action of mutual gravitational 
attraction according to Newton’s law of universal gravitation. 

Integration of differential equations of motion in the two-body problem is reduced to quadratures. The 
trajectory of a point with mass   relative to a point with mass   is a conical section. From the point of view 
of applications, the most important case is the case of the Keplerian elliptic orbit. Whereas in unperturbed 
problem a point with mass   moves along an ellipse, to derive the equations of perturbed motion, the 
canonical Delaunay variables are used [1, 2], which in unperturbed problem are the “action-angle” variables.  

The equations of motion in Delaunay variables are convenient to apply numerical and asymptotic research 
methods. This paper gives an example of using Delaunay variables in the model problem of motion of a 
satellite in the Earth’s gravitational field, modeled by an axisymmetric rigid body compressed along the axis 
of rotation.  

II. DISTURBED SATELLITE MOTION 

Consider the problem of the motion of a satellite (point particle P) with mass   in the Earth’s gravitational field. 

Introduce a geocentric inertial coordinate system (ISC)     , which origin is coinciding with the center of the 

Earth  , and the    axis is directed along the axis of rotation of the planet. As an unperturbed problem, 
consider the motion of satellite in the gravitational field of a planet, modeled by homogeneous solid full-
sphere, rotating evenly around its axis. In this case gravitational potential of the planet coincide with 
gravitational potential of particle point with mass equal to the mass of the planet, and the satellite’s orbit is 
Keplerian. Lets consider the Keplerian elliptical orbit as the orbit of unperturbed motion. 

Let   denote the satellite radius vector and let   | |. Introduce the following notation for the parameters of 
the satellite orbit:   −semi-major axis,    − eccentricity   − inclination (angle between plane     and plane of 

the satellite’s orbit),   − longitude of ascending node (angle between the axis    and the line      

intersection of the plane of the satellite’s orbit and the plane    ),  − longitude of the periapsis   from the 
ascending node    , (  – the closest to the center of the Earth   point of the satellite’s orbit),  − true 


