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▼✐♥s❦✱ ❘❡♣✉❜❧✐❝ ♦❢ ❇❡❧❛r✉s
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❚❤❡ ♠♦❞❡❧✲❜❛s❡❞ ♣r♦❝❡❞✉r❡ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ♦❢ t❤❡ ❡①tr❡♠✉♠ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♦❜❥❡❝t ✐s ♣r♦♣♦s❡❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧

❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ❛♥❞ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♣❡r❢♦r♠❡❞✳

■♥tr♦❞✉❝t✐♦♥

❙t♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ r❛♥❞♦♠ s❡❛r❝❤
❛r❡ ♠♦st ❦♥♦✇♥ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ ❛t ♣r❡s❡♥t
❢♦r ❡①tr❡♠❡ ♦❜❥❡❝ts✳ ❚❤❡② ❛r❡ s♦ ❝❛❧❧❡❞ s❡❛r❝❤
♠❡t❤♦❞s✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❞♦ ♥♦t ✉s❡ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ♦❜❥❡❝t✳ ■♥ ♦♣♣♦s✐t❡
t♦ t❤❡ s❡❛r❝❤ ♠❡t❤♦❞s✱ t❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤
s✉♣♣♦s❡ ❞❡s✐❣♥✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡
❝♦♥tr♦❧❧❡❞ ♦❜❥❡❝t✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡♥ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥ ❛♥❞
t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛❝t✐♦♥✳

■✳ ❙t♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥

❚❤❡ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛ ♠❡t❤♦❞ ❢♦r
s♦❧✈✐♥❣ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ❜❛s❡❞
♦♥ r❡❝✉rr❡♥t r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t❡ ✇✐t❤ ❛♥
✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❬✶ ✷✱ ✸❪✳
❚❤❡ ✜rst ♣r♦❝❡❞✉r❡ ♦❢ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥
✇❛s ❘♦❜❜✐♥s✕▼♦♥r♦ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡✱ ❞❡s✐❣♥❡❞ t♦ ✜♥❞ t❤❡ ③❡r♦ ♦❢ ❛♥
✉♥❦♥♦✇♥ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③
♣r♦❝❡❞✉r❡ ♦❢ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❛s ❞❡s✐❣♥❡❞
t♦ ✜♥❞ t❤❡ ❡①tr❡♠✉♠ ♣♦✐♥t ♦❢ ❛♥ ✉♥❦♥♦✇♥
r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❡q✉❡♥t✐❛❧❧② ❡st✐♠❛t✐♥❣✱
❢r♦♠ ♦♥❡ ♦❜s❡r✈❛t✐♦♥ t♦ ♥❡①t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡
❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ♣r♦❝❡❞✉r❡ ♠♦r❡ ❞❡t❛✐❧✳

▲❡t ϕ ❜❡ ♠❡❛s✉r❛❜❧❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ ♦♥ Rn✳
❲❡ s✉♣♣♦s❡✱ t❤❛t ✇❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢
t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

y(X) = ϕ(X) + ϵ(X)

✐♥ ❛♥② ♣♦✐♥t X ∈ Rn✱ ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ❡rr♦rs
ϵ(X) ❛r❡ ❝❡♥t❡r❡❞ ✭E(ϵ(X)) = 0 ✮ ❛♥❞ ♠✉t✉❛❧❧②
✐♥❞❡♣❡♥❞❡♥t ❢♦r ❛♥② X0, X1, ... ∈ Rn✱ ✐s t❤❡
r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐st ♦❢ t❤❡
✜♥❞✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣♦✐♥ts X0, X1, ... ∈ Rn

❝♦♥✈❡r❣✐♥❣ t♦ t❤❡ ♣♦✐♥t X∗✿
X∗ = arg max

X∈Rn
ϕ(X).

❚❤❡ s②♠♠❡tr✐❝ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ❛❧❣♦r✐t❤♠
❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ❬✷❪✿

Xk+1 = Xk + γk+1α
−1
k+1×

×
n∑

i=1

(y(Xk + αk+1ei)− y(Xk − αk+1ei)) ei, ✭✶✮

✇❤❡r❡ k = 0, 1, 2, ...,K ❛♥❞ ei ❛r❡ ♦rts✱ ✐✳❡✳
❝♦♦r❞✐♥❛t❡ ✈❡❝t♦rs ei = (01, ..., 1i, ..., 0n)

T ∈ Rn✳

❚❤❡ s❡q✉❡♥❝❡s γk = 1/k✱ αk = 1/ 3
√
k ♣r♦✈✐❞❡ t❤❡

❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ❛❧❣♦r✐t❤♠✳

■■✳ ❘❛♥❞♦♠ s❡❛r❝❤

❚❤❡ r❛♥❞♦♠ s❡❛r❝❤ ✐s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞
t❤❛t ✇❛s ♣r♦♣♦s❡❞ ❢♦r ✜♥❞✐♥❣ ♦❢ t❤❡ ❡①tr❡♠✉♠
♣♦✐♥t ♦❢ ❛♥ ✉♥❦♥♦✇♥ ❞❡t❡r♠✐♥✐st✐❝ ✐♥❡rt✐❛❧❡ss ♦❜❥❡❝t
✭❢✉♥❝t✐♦♥✮✳ ❚❤❡ t❡r♠ ✏r❛♥❞♦♠ s❡❛r❝❤✑ ✐s ❛ttr✐❜✉t❡❞
t♦ ❘❛str✐❣✐♥ ❬✹❪✳ ❚❤❡ ❞✐st✐♥❝t✐✈❡ ❢❡❛t✉r❡ ♦❢ t❤✐s
♠❡t❤♦❞ ✐s t❤❛t t❤❡ ♣♦✐♥ts ❛r❡ s❡❧❡❝t❡❞ ✐♥ t❤❡ s❡❛r❝❤
s♣❛❝❡ ❛s r❛♥❞♦♠ ♥✉♠❜❡rs ❢r♦♠ ❛ ❝❡rt❛✐♥ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥✳ ■t ✐s ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ r❛♥❞♦♠ s❡❛r❝❤
✐s t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ❣❧♦❜❛❧
❡①tr❡♠✉♠✳ ❚❤❡ s✐♠♣❧❡st r❛♥❞♦♠ s❡❛r❝❤ ✭s♦ ♥❛♠❡❞
❜❧✐♥❞ s❝❛♥✮ ❢♦r ♠✐♥✐♠✐③❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡
✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ r❛♥❞♦♠
♣♦✐♥ts ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ✐s ❝❤♦s❡♥✳

❚❤❡ r❛♥❞♦♠ s❡❛r❝❤ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ r❡❣r❡ss✐♦♥
❡①♣❡r✐♠❡♥t ❢♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❜❥❡❝t
❜✉✐❧❞✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❛t❛ ♣r♦❝❡ss✐♥❣ ✐s ♣❡r❢♦r♠❡❞
✐♥ s✉❝❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♣❛❝❦❛❣❡ ❢♦r♠✱ ✐✳❡✳ ♥♦t ✐♥
t❤❡ r❡❛❧ ♦❜s❡r✈❛t✐♦♥ t✐♠❡✳ ❚❤❛t ✐s t❤❡ ✐rr❡s✐st✐❜❧❡
❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❛♥❞♦♠ s❡❛r❝❤✳

■■■✳ ▼♦❞❡❧✲❜❛s❡❞ ♠❡t❤♦❞

❚❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤ s✉♣♣♦s❡ ❞❡s✐❣♥✐♥❣
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ♦❜❥❡❝t✳
❚❤✐s ❛❧❧♦✇s t❤❡♥ t♦ ♦❜t❛✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧
♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥ ❛♥❞ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ❛❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♣✉t ✐♥t♦ ❞✉❛❧
❝♦♥tr♦❧ t❤❡♦r② ❬✺✱ ✻✱ ✼❪✳ ❚❤❡ ❇♦①✕❲✐❧s♦♥ ♠❡t❤♦❞
✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❡①tr❡♠❡ ❡①♣❡r✐♠❡♥t ❞❡s✐❣♥
❬✽✱ ✾❪ ✐♥❝❧✉❞❡s t❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤ t♦♦✱ ❜✉t ✐t
✐s r❛t❤❡r ♠❡t❤♦❞♦❧♦❣② t❤❛♥ ❛ ♠❡t❤♦❞ ♦r ❛❧❣♦r✐t❤♠✱
s♦ ✐t ✐s ❞✐✣❝✉❧t t♦ ✐♠♣❧❡♠❡♥t✳

■t ✐s ♠♦st s✐♠♣❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♥tr♦❧❧❡❞
♦❜❥❡❝t ❜② q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧✳

▲❡t X = (xj(q))✱ j(q) = (j1, j2, ..., jq)✱ ❜❡ ❛ q✲
❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐①✱ t❤❛t ✐s t❤❡ ❛r❣✉♠❡♥t ♦❢ ❛ s❝❛❧❛r
❢✉♥❝t✐♦♥ ϕ(X)✱ ❛♥❞ t❤✐s ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦r♠

y = φ(X) = C0 + 0,q(C1X) + 0,2q(C2X
2), ✭✷✮

✇❤❡r❡ Ck✱ k = 0, 1, 2, ...✱ ❛r❡ t❤❡ kq✲❞✐♠❡♥s✐♦♥❛❧✲
♠❛tr✐① ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ϕ(X) ❛♥❞ C2 ✐s
s②♠♠❡tr✐❝ r❡❧❛t✐✈❡ ✐ts ❧❛st q✲♠✉❧t✐✲✐♥❞❡①❡s ❬✶✵❪✳ ▲❡t
✐t ❜❡ r❡q✉✐r❡❞ t♦ ✜♥❞ t❤❡ ❡①tr❡♠✉♠ ♦❢ t❤✐s ❢✉♥❝t✐♦♥✳

✷✸✹



❖♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ X ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡
❡q✉❛t✐♦♥ dϕ(X)/dX = 0✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ♦❢ ✭✷✮ ❣✐✈❡s
t❤❡ ❡q✉❛t✐♦♥ C1 + 2 0,q(C2X) = 0✱ ❢r♦♠ ✇❤✐❝❤ ✇❡
❣❡t

X∗ = −0,q(0,q(C−1

2
C1))/2, ✭✸✮

✇❤❡r❡ 0,qC−1
2 ✐s t❤❡ ♠❛tr✐① (0, q)✲✐♥✈❡rs❡ t♦ t❤❡

♠❛tr✐① C2✳
▲❡t ✉s t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ y∗ = ϕ(X∗)

♦❢ t❤❡ ❢✉♥❝t✐♦♥ ϕ(X)✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t
0,2q(C2X

2) = 0,q(0,q(C2X)X) ❛♥❞ 0,q(C2X
∗) =

−C1/2 ✱ ✇❡ ❤❛✈❡ 0,2q(C2(X
∗)2) = −0,q(C1X

∗)/2
❛♥❞

y∗ = φ(X∗) = C0 +0,q (C1X
∗). ✭✹✮

❙✉❜st✐t✉t✐♥❣ X∗ ✭✸✮ ✐♥t♦ ✭✹✮✱ ✇❡ ♦❜t❛✐♥

y∗ = C0 −0,q (C1
0,q(0,qC−1

2 C1))/4.

❲❡ ❝❛♥ ♥♦✇ ♣❡r❢♦r♠ K ❡①♣❡r✐♠❡♥ts ✐♥ K
❣✐✈❡♥ ♣♦✐♥ts X1, X2, ..., XK ∈ Rn ❛♥❞ ✜♥❞ t❤❡
❡st✐♠❛t✐♦♥s Ĉ0, Ĉ1, Ĉ2 ♦❢ t❤❡ ♣❛r❛♠❡t❡rs C0, C1, C2✳
❚❤❡♥ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❡①tr❡♠✉♠✿

X∗ = −1

2

0,q

(0,q(Ĉ−1
2 Ĉ1)).

❚❤❡ ♣♦✐♥ts ♦❢ ❡①♣❡r✐♠❡♥ts X1, X2, ..., XK ♠❛②
❜❡ r❡❣✉❧❛r ♦r r❛♥❞♦♠ ❛s ✐♥ t❤❡ r❛♥❞♦♠ s❡❛r❝❤
❛♣♣r♦❛❝❤✳

■❱✳ ❈♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥

❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❝♦♠♣✉t❡r ❝❤❡❝❦ ♦❢
t❤❡ s②♠♠❡tr✐❝ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ❛❧❣♦r✐t❤♠✳ ❲❡
s✐♠✉❧❛t❡❞ t❤❡ r❡❣r❡ss✐♦♥ ♦❜❥❡❝t ✇✐t❤ t❤❡ r❡❣r❡ss✐♦♥
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

ϕ(X) = 1 + x1 + 2x2 + 2x21 + 4x22

❛♥❞ ✇✐t❤ ♥♦r♠❛❧ ❞✐str✐❜✉t❡❞ ✐♥♥❡r ♥♦✐s❡ ϵ(X)
✇✐t❤ ③❡r♦ ♠❡❛♥ ✈❛❧✉❡ ❛♥❞ ✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦ ✵✳✷✳
❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤✐s r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ✐♥
♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✲♠❛tr✐① ❢♦r♠ ✭✷✮ ❛r❡ ❛s ❢♦❧❧♦✇s✿

C0 = 1, C1 =
(

1
2

)
, C2 =

(
2 0
0 4

)
.

Ðèñ✳ ✶ ✕ ❚❤❡ ♣♦✐♥ts ♦❢ ❡①♣❡r✐♠❡♥ts ✐♥ t❤❡ s②♠♠❡tr✐❝
❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ❛❧❣♦r✐t❤♠

❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ s❡❛r❝❤ ♣r♦❝❡ss ✇❤❡♥
✐t❡r❛t✐♦♥s ♥✉♠❜❡r ❡q✉❛❧ t♦ ✷✺ ✭K = 25 ✐♥ ✭✶✮✳
❚❤❡ r❡❛❧ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥
❡q✉❛❧ t♦ (−0.25, −0.25) ✱ t❤❡ ❢♦✉♥❞ ♣♦✐♥t ❡q✉❛❧ t♦
(−0.03, −0.26) ✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③
❛❧❣♦r✐t❤♠ s❡❛r❝❤❡s t❤❡ ♠✐♥✐♠✉♠ ♣♦✐♥t q✉✐t❡ ✇❡❧❧✳
❍♦✇❡✈❡r✱ t❤❡ ❑✐❡❢❡r✕❲♦❧❢♦✇✐t③ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s
✈❡r② ❜✐❣ ♥✉♠❜❡r ♦❢ ❡①♣❡r✐♠❡♥ts ✭✶✷✺ ♣r♦✈✐❞❡❞ K =
25 ✮✳ ❚❤✐s ♠❛❦❡s s❡r✐♦✉s ❞✐✣❝✉❧t✐❡s ❢♦r ✉t✐❧✐③❛t✐♦♥
✐t ✐♥ ❛ r❡❛❧ ♣r♦❞✉❝t✐♦♥ ❝♦♥tr♦❧ ♣r♦❝❡ss✱ s✐♥❝❡ ❡❛❝❤
❡①♣❡r✐♠❡♥t ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ♣r♦❞✉❝t r❡❧❡❛s❡✳ ■t
❝❛♥ ❜❡ ✈❡r② ❡①♣❡♥s✐✈❡✳

❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ♣♦✐♥ts ♦❢ ♠❡❛s✉r❡♠❡♥ts
✐♥ ♠♦❞❡❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡
♠❡❛s✉r❡♠❡♥ts ❡q✉❛❧ t♦ ✷✺✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡
♣r♦❝❡ss❡❞ ❜② ❝❧❛ss✐❝❛❧ ❧❡❛st sq✉❛r❡ ♠❡t❤♦❞✳ ❚❤❡
❛❝❝✉r❛❝② ✐s ✈❡r② ❤✐❣❤✳
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❛♣♣r♦❛❝❤

❱✳ ❘❡❢❡r❡♥❝❡s

✶✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ st❛t✐st✐❝s✿ ❊♥❝②❝❧♦♣❡❞✐❛✳
❊❞✐t♦r✲✐♥✲❝❤✐❡❢ ❨✉✳❱✳ Pr♦❦❤♦r♦✈✳ ▼♦s❝♦✇✱ ❇✐❣ ❘✉ss✐❛♥
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✷✳ ❊r♠❛❦♦✈ ❙✳▼✳✱ ❩❤✐❣❧②❛✈s❦✐✐ ❆✳➚✳ ▼❛t❤❡♥❛t✐❝❛❧ ❚❤❡♦r②
♦❢ t❤❡ ❖♣t✐♠❛❧ ❉❡s✐❣♥✳ ▼♦s❝♦✇✱ ❙t❛t❡ Pr❡ss ❢♦r P❤②s✐❝♦✲
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✸✳ ❲❛s❛♥ ▼✳❚✳ ❙t♦❝❤❛st✐❝ ❆♣♣r♦①✐♠❛t✐♦♥✳ ❈❛♠❜r✐❞❣❡
✉♥✐✈❡rs✐t② ♣r❡ss✱ ✷✵✵✹✱ ✷✶✻ ♣✳

✹✳ ❘❛str✐❣✐♥ ▲✳❆✳ ❙②st❡♠s ♦❢ ❡①tr❡♠❡ ❝♦♥tr♦❧✳ ▼♦s❝♦✇✱
◆❛✉❦❛✱ ✶✾✼✹✳ ✻✸✵ ♣✳ ■♥ ❘✉ss✐❛♥✳

✺✳ ❋❡❧❞❜❛✉♠ ❆✳❆✳ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ ❙②st❡♠s✳ ❆❝❛❞❡♠✐❝
Pr❡ss✱ ◆❡✇ ❨♦r❦ ❛♥❞ ▲♦♥❞♦♥✱ ✶✾✻✺✳ ✹✺✷ ♣✳ ▼❛t❤❡♠❛t✐❝s
✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✳ ❆ s❡r✐❡s ♦❢ ♠♦♥♦❣r❛♣❤s ❛♥❞
t❡①t❜♦♦❦s✳ ❊❞✐t❡❞ ❜② ❘✐❝❤❛r❞ ❇❡❧❧♠❛♥✳ ❱♦❧✉♠❡ ✷✷✳

✻✳ ▼✉❦❤❛ ❱✳❙✳ ❖♥ t❤❡ ❞✉❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ✐♥❡rt✐❛❧❡ss
♦❜❥❡❝ts✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ▲❊❚■✳ ■ss✉❡ ✶✸✵✱ ✶✾✼✸✳ P♣✳
✸✶✕✸✼✳ ■♥ ❘✉ss✐❛♥✳

✼✳ ▼✉❦❤❛ ❱✳❙✳✱ ❙❡r❣❡❡✈ ❊✳❱✳ ❉✉❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ r❡❣r❡ss✐♦♥
♦❜❥❡❝ts✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ▲❊❚■✳ ■ss✉❡ ✷✵✷✱ ✶✾✼✻✳ P♣✳
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✽✳ ❇♦① ●✳❊✳P✳✱ ❲✐❧s♦♥ ❑✳❇✳ ❖♥ t❤❡ ❊①♣❡r✐♠❡♥t❛❧
❆tt❛✐♥♠❡♥t ♦❢ ❖♣t✐♠✉♠ ❈♦♥❞✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡
❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ✶✾✺✶✳ ❱♦❧✳ ✶✸✱ ◆♦✳ ✶✳ P♣✳ ✶✕✹✺✳
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❚❡❝❤♥♦♣r✐♥t✱ ✷✵✵✹✳ ✸✻✽ ♣✳ ■♥ ❘✉ss✐❛♥✳

✷✸✺


