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Abstract: This paper is devoted to the classification up to
isomorphism of abstract unsolvable Lie algebras of dimension 7.
With the help of Maltsev splitting, the problem of describing Lie
algebras over a field of characteristic zero is reduced to describing
almost algebraic Lie algebras, which, in turn, require knowledge
of semisimple and nilpotent algebras. Based on the classifications
of semisimple and nilpotent Lie algebras, the paper presents an
algorithm for describing abstract Lie algebras and conducts the
classification of seven-dimensional unsolvable Lie algebras over
fields R and C.

Keywords: unsolvable Lie algebra, Maltsev splitting, almost algebraic
Lie algebra, classification algorithm

1 Bsegenne

Hannas pabora rmocssineHa KJaacCuUKau ¢ TOYHOCTBIO 10 u30Mopdus-
Ma abCTPaKTHBIX HEpa3pemuMbix ajiredbp Jlu pazmeprocru 7. Ilpemsraraembrit
KJ1accuUKAIMOHHBIN aJIPOPUTM OCHOBBIBAETCH HA MOHATHUSAX IIOYTH ajaredpa-
nueckoit aiarebper JIu u paciensennsa MasibiieBa i abCTPaKTHOR ajaredpsl
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B reopun ayirebp Jlu naunbosiee u3ydeHHBIM KJIACCOM SIBJISIIOTCS HOJIYIIPO-
croie aaredps! Jlu, noHas kiraccudukanus KOTOPBIX CYIIECTBYET LI KaXK-
noit (pUKCHpOBaHHO pasMepHOCTH (M3 MOCAETHUX paboT B 3TOi 0bsacTH
eMm. [1, 2]). Jnst paspenumMbix aarebp JIu u jist moJIynpsMbIX CYMM TIOJTYTIPO-
CTBIX ¥ Pa3PENuMbIX ajarebp J1u n3BeCTHBI JIUIb 0TS bHbBIE KITACCH(DUKAIIN-
OHHBIE Pe3yabTaThl. Anrebps! Jlu pasmeprnocTn 4 Ha TOJIEM KOMILIEKCHBIX
qucest 6L mostyuensl emte Codycom Jlu [3]. Herbipexmepubie anrebpsr Jlu
HAJI TIOJIEM JIeCTBUTEIBHBIX YUCEST U IATUMEpHbIE aareOps! JIu Ha nossMu
KOMILJIEKCHBIX U JIEHCTBUTEJILHBIX YUCEN PUBe/eHbl B paborax Mybapak3s-
HoBa [4, 5|. IlecrumepHble HUIBIOTEHTHBIE aarebpel Jlu Has mojgeM KoM-
IJIEKCHBIX 9ucesT Kaaccuduupoanbl Ymaaydom (6], a Ha mojeM HyJIeBoit
xapakrepuctuku — MopozoseiM [7]. Ormcanne HepaspemmMbix aarebp Jlu B
MAaJIbIX Pa3MEpPHOCTSAX cojiepkuTcsi B paborax Typkoeckoro [8, 9]. B pabore
Myb6apakssroBa |4] mpeamokeHa MeTOTMKA KIACCH(PUKAINE DA3PEITUMBIX
asiredbp Jlu. Ilpu sTOM B KadyecTBe OCHOBHOI'O OOBEKTA, XapaKTEPU3YIOIIEro
ayiredbpy, paccMaTpuBAeTCs ee HauOOJIbIINN HUJIbIOTEHTHBIN ujea. B 1mo-
caentytommx paborax Toro xe asropa [10, 11] 6pi1a nponssegena kaaccudn-
KalIlisl PasperTmMbiX MECTUMEPHBIX aaredp JIu Hama mojaeM AefiCTBUTEIBHRIX
ancen. Knaccudukanmst pazpernmMbix aiaredp JIu 10 pasMepHOCTH MecTb
Tak’Ke mpuBeeHa B [12], MOxKHO ynoMsHyTh ere padory [13].

B gammoit cTarke pemnaraercsa obmuit MOAX0 K KAACCUMDUKAIINN TTPONU3-
BoJibHBIX anrebp JIu. C momombio paciienienns Majbresa 3aa49a, OnuCcaHus
asrebp Jlu HaJT mOJIEM HYJIEBOI XapaKTePUCTUKU CBOANTCH K OMUCAHWIO T10-
aTr aaredpamydeckux aarebp JIu, 1 KOTOPBIX, B CBOIO OUepeb, He0OX0ImMO
3HAHUE TTOJYIPOCTHIX W HUIBIOTEHTHRIX anrebp. [loaynpocreie anrebpor Jlu
OTMCHIBAIOTCST B TEPMUHAX CHCTEM KOPHE U 33/1af0TCA C MOMOIIBI0 06pasy-
ommx u coornormenuii. Hunpnorentabie anrebper Jlu me obazaror Takm-
MU XOPOIINME CBOMCcTBaMu. Hampumep, yKe B pa3sMepPHOCTH 7 CYIIECTBYIOT
HUJTBIIOTEHTHBIE aJIT€0PhI, HE NMEIOIIUE IOy IPOCTHIX AuddepeHImpoBaHui.
CyiecTByomme MeTOAbl KJIaCCU(OUKAIMNT UHIYKTUBHBL 110 PA3MEPHOCTH W
JUTST MAJTBIX PA3MEPHOCTel TTO3BOISIOT OBICTPO MOAYUnTh pesyabrar. OgHa-
KO C KaXJbIM CJIEJIVIOIIUM IMIAarOM BO3HUKAIOT OOJIbINNE BBIUUCJIUTEIHHBIE
cnoxkuoctu. Hanpumep, B metosie Mopososa [7] HuibmorenTrast aarebpa Jlu
paccMaTpUBaeTCd KakK HEelleHTPAJbHOE PACHIUPEHNE ¢ TOMOIIBI0 MAKCUMAIb-
HOTO abesieBoro uaeana, u (ITOOBI BOCIOJB30BATHCS STUM METOIOM) HYKHO
3HATH HEPA3JIOKHUMble KOHEUHOMEDHBIE TIPEJCTABJIEHNsT HUJIBIIOTEHTHBIX aJI-
rebp MeHbIeil pa3MepHOCTH W YMETH ONPEIEIsiTh U30MOpP(hU3M HOBBIX aJl-
rebp. Knaccudukanusi 7-MepHBIX HUJIBIOTEHTHHIX ajirebp Jlu ¢ momomnibio
9TOT0 MeToja Obuta moaydeHa B [14], ¢ IpyruMu MeToJaMu OIHMCAHUS 7-
MEPHBIX HUJIBIIOTEHTHBIX aJjirebp JIu MOXKHO O3HAKOMUTCS, HAIPHUMED, II0
paboram |15, 16, 17, 18], comepzKarmm, OTHAKO, OMUOKHA U HETOYHOCTH, HC-
npas/eHable B pabore l'onra [19].
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B 66sb1inx pa3mMepHOCTSIX W3BECTHBI JIUIITb YACTUIHbIE KJIACCU(DUKAITHMOH-
HbIE PE3YJIBTATHI, [IOJIYYEHbl OT/Ae/bHBIE KJAACChl ajiredbp Jlu, Hanpumep, noi-
KJIACC JECATUMEPHBIX HEPA3TOKUMBIX ajiredp Jlu ¢ HeTpUBUAIBHBIM PA3JIO-
xkeuueM Jlesn [20, 21|, vHBAPMAHTHI JIE€BSITUMEPHBIX BEIECTBEHHBIX ajredp
JIn ykazanuoro tuna 22|, mpencrasienust aarebp JIu, 10mycKaommux HeTpU-
BHATBHOE pa3ioxenue Jlepw, 10 pasMepHocTH BoceMb (23] m B pasmepHo-
cTH JeBaTh 24|, mpemioxkeH crnocob HaXOXKIEHUs HUJIBIOTEHTHBIX ajarebp
Jlu [25], cm. Takxke paborsr [26, 27| u 1p.

B pabore mpuBoguTCcs aaropuT™ onucaHusi abcTpakTHbIX anrebp Jlu, oc-
HOBAHHBIN Ha KJACCUPUKAIUSX MOJYIPOCTHIX U HUJIBIIOTEHTHBIX aarebp, u
[POBOJINTCS caMa KJiacCH(DUKAINS CEMUMEPHBIX Hepa3peruMbix aarebp Jlu
mag nossiv R u C. Bumecre ¢ paboramu [lappu [28], Xurnere u Tomrco-
Ha [29], a Takxke coBmecTHOit paboroit By, Tyan, Ty, Tyitern u Trey [30] aTo
3apepiiaeTr Kjaccudukaiuo cemumepubix aiarebp Jlu. PaccmarpuBaemas B
paboTe 3ajiada Tak»Ke TECHO CBd3aHA, HAIPUMEDP, C MpobJieMoil omnmcaHus
roJIOMOP(HO OTHOPOJIHBIX BEIIECTBEHHBIX I'MIIEPIIOBEPKXHOCTENR YeThIpeXMep-
HOTO KOMILJIEKCHOTO MPOCTPAHCTBA, B YaCTHOCTH, aOCTPAKTHBIE anreOpwt Jln
pa3sMepHOCTH 7 COOTBETCTBYIOT OJHOPOIHBIM TUITEPITOBEPXHOCTSIM, CTaOUIIN-
3aTOP KOTOPBIX TPUBUAJIEH (MOBEPXHOCTH C HETPUBHAJBHBLIM CTAOUIM3ATO-
POM OIUCHIBAJINCEH, HanpuMmep, B [31]).

2 OcHoOBHBIE OonpeAeeHNd

B panpheiiniem HaMm moHa00saTCs cienytoiue onpenesienHus. lycrs g —
KOHeTHOMepHad aarebpa Jlu waa nomem k xapaktepructukn 0. Anrebpa JIn g
eCTeCTBEHHBIM 00pa3oM JelicTByer Ha cebe: x.y = [z, y] s obbix x,y € g.
Taxo#l MOIynb Ha3BIBAaETCA npucoedunenmvim, Ty = adr AJd BceX T € g.
Iloamoysiu ipucoeiMHEHHOT0 MOTY/Id — uieasibl anredpst Jlu g. llpucoenu-
HEHHBIN MOJYJIb TOYEH TOT/IAa W TOJBKO TOTJA, KOTMa MeHTp aaredpsl Jlu g
TPHUBHUAJIEH, & IOJIYIIPOCT — Korjia ajirebpa Jlu g npejcraBuma B Bu/ie mpsiMoit
CyMMBI noaynpocroro ujgeana a = Dg w nenrpa Z(g). Takune anre6psr JIn
Ha3BIBAIOTCS PEJYKMUSHLMYU. DHIOMOpGU3M d: g — g HasbiBaeTCs dughge-
peryuposanuem, ecan d(xy) = d(z)y + xd(y) s Beex x,y € g. MHO)KecTBO
Becex nuddepennuposanuii aarebpsr g obosnauaercs depes Der(g).

IMoganredpst anrebpet JIu gl(V') HassiBatorcs auneldnvmu anszebpamu JIu.
Jluneitnas anrebpa Jlu HazwiBaeTCs pasdeastowsedi, €CIU OHa COMEPXKUT TIO-
JIYIIPOCTYIO M HUJIBIMOTEHTHYIO KOMIIOHEHTBI KazKJ0T'0 CBOETO JIEMEHTA. P(lé’-
deasouieti 06040%K0T TUHENHOM anrebps! JIn g Ha3RIBAETCA MUHUMATHLHAST
paszensitoiag uHeliHas aarebpa Jlu, comepxkamas g, obo3nauaerca e(g).
Ecmun g — pasgenstomas quneiinas aarebpa Jlu, a n = ny(g) — wanbosb-
M ujea] HUJIbIIOTEHTHOCTH TOXKAECTBEHHOTO TIPEACTaBIeHMsT anredpsl JIu
g B V, KOTOPBIit MBI Oy/1€M HA3LIBATD AUHEUHGM HUALPAOUKAAOM JTAHEITHOMN
ayirebpor JIu g, To cymecrByer Takas nogasarebpa m C ¢, PeAyKTUBHAS B
gl(V), uro g siBisiercs upsiMoit cymmoit nojpocrpancrs m u n [32]. Jlobas
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nosaarebpa M ¢ yKa3aHHBIMU CBOHCTBAMU Ha3bIBaeTCd nodaszebpoti Maav-
yesa paspendiomnieil aaredpst Jlu g. Pazmoxenve g = m G n Ha3biBaeTCd pas-
aoocenuem Maavuesa pasnensiomeil anrebper JIn g. 3aMeTnm, 9TO MOIAJ-
re6pa MasbiieBa m sIBJISIETCS TPSIMOi CyMMOit mogaire6pst Jlesu s = [m, m]
anreOpnl JIu g u menTpa t anre6psl JIu m, a t — MaKCHUMAJIBLHBIM 3JIEMEHTOM
MHOKECTBA KOMMYTATHBHBIX MOJAATe0p pajuKasa t aareOpsl JIn g, cocTos-
[IUX U3 MOJYNPOCTHIX SHI0MOPhU3MOB. Kpome Toro, ujaeas n COBIAJAET C
MHOKECTBOM HUJIBIIOTEHTHBIX 3HIOMOPMUIMOB, JIEKAIUX B pajuKaje t, U
r=tDn.

IIycts g — anrebpa JIu u n = n(g) — ee HanbGoabIIUI HUIBIOTEHTHBIH
uneasn. Anrebpa JIu g Ha3bIBAETCS NOYMu aazebpauveckoti, €U CyIIeCTBY-
eT nogarebpa m anarebpel JIu g, pejyKTUBHAS B @, TaKas, 9TO g = m & n.
IIpu srom nogasirebpa m HazbiBaeTcd nodaszebpoti Masvuyesa nodatu ajired-
pamgeckoii anreOpol Jlu g, a pasjoxenue g = m B N — €€ Pa3A0AHCEHUEM
Masnvuesa. Pacuenaernuem Maavuesa anredbpst JIlu g Ha3pIBaeTCs BIOXKEHUE
a: g — g B nouru ajrebpandeckyio aarebpy Jlu g, Takoe, 9T0 B § He CyIile-
CTByeT COOCTBEHHBIX TTOUTH AJrebpandecKnx moaaaredp, cogepRammx a(g).
Bnepesie pacuierienne Masnbiesa 66110 BBegeno A. M. Masnbuessiv B [33].
B nanwueiimem wxen Masbiiepa 6b1m paseuthl B psize pabor [34, 35], B ko-
TOPBIX, B 9aCTHOCTH, OBLIN TPEI0YKEHBI IPYTHe BAPUAHTHI /I TOCTPOSHUST
PaCIIIETLTeH IS

Hazosem anrebpy Jlu g mounot, ecau ee HanbOIBIII TOJAYIPOCTON 1 Te-
an paser {0}. Ilycrb g — Tounas nouru anreGpamdeckast aarebpa Jlum, n —
HamOOIBITNI HUJIBIOTEHTHBIN nxeasa aaredpnr Jlu g m m — HekoTOpas 1mo-
nanrebpa Manbnesa anrebper JIu g. Anre6pa JIu Der(n) muddepennmposa-
Huit anrebpor Jlu n asagerca pasgesstomeii [32]. [Ipocrpancrso Der(n) @ n
KaHOHUYECKU HaJleJseTcst CTPyKTypoil anrebpel Jlu: [dy + ni,ds + na) =
[dl,dz] + dl(nQ) — dz(nl) + [nl,ng], rae dy,do € Der(n) u ni,ng € n. Jas
Kaxk10r0 @ € Aut(n) mbr Gysem 0603HaUATEL Yepe3 @ aBToMOpdU3M aaredpb
JIn Der(n) @nsuga d+n +— @ -d- o1+ ¢o(n), e d € Der(n) un € n.
TFomomopdnsm anrebp JIn pyn: m — gl(n), mpu KoTopoM pm(m)(n) = [m,n]
NIt BCeX m € m, n € n, uwbekTHBeH. Kpome Toro, pm(m) C Der(n) u mo-
nanrebpa pm(m) peaykrusna B gl(n). fcuo, uro anrebpa Jlu g msomopdna
noganrebpe pm(m) & n anre6per JIn Der(n) & n.

ITycts m — momanrebpa MastbiieBa pazgenstorieii aarebper JIu Der(n),
comepzKaimas py(m). Torma momanrebpa m @ n anredbpst Jlu Der(n) @ n ss-
JIieTcs TOYHOM mouTH ajrebpandeckoit ajsredbpoit Jlu ¢ HanbobIIUM HUIb-
HOTEHTHBIM HjleaJoM N U mojgaarebpoit Masbiesa m. Jlomyckast HEKOTOPYIO
BOJILHOCTD, aareOpy JIu mén 6y1eM Ha3bIBATH MAKCUMAALHOT TOTHON TOYTH
asirebpanyeckoit aurebpoit Jlu ¢ HanbOIBIIUM HUJIBIIOTEHTHBIM HIEAJI0M M.
BaMeTuM, 4TO 3TOT OOBLEKT OMPEJIEIACTCA OJHOZHATHO ¢ TOYHOCTHIO JI0 U30-
Mopdmzma (T. K. mogaaredpsl MasbiieBa pasaessomieit aare6per Jlu Der(n)
epeBoOIATCs ApYT B Apyra aproMopdusmamu aaredpst Jlu Der(n) @ n Buga
expz, rue x € ny(Der(n))).
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3 Omnncanme aaroputMa KJjaaccudpukanum adOCTPaKTHBIX
aareodp JIn

Hamomuum, uro amrebpa Jlu g HazbiBaeTcs mowhot, ecin ee HaubOJIb-
Ui TOJIYIIPOCTOH uteast papeHn Hy 0. Eciau § — HanboabIIuil moynpocToit
uneas ajarebper Jlu g, To g = 5 @ Zy(s) u anrebpa Z4(s) ABisercs TOIHOIL.
Knaccudukanus nosynpocteix anrebp Jlu u3BecTHa, U M09TOMY JOCTATOYHO
OTPAHWIUTHLCA KJIacCUUKAIIMEH TOIHBIX aarebp Jlu.

JlemMma 1. Ilycmv g — noumu aszebpauueckasn anzebpa Ju, a U u W
— makue nodnpocmpancmsa npocmpancmea g, wmo U C W. Ilosoorcum
gUW)={xeg]|x, W] CU}. Toeda g(U, W) asasemecs nowmu aszebpa-

uneckoti anzebpoti Jlu.

Hoxasamenvcmeso. llycts x € g(U, W) u (adgz), — HUIbIOTEHTHAS KOM-
nouenTa su0Mopdusma adgr. U3 roro, uro anrebpa Jlu adg(g) asisercs
pasjiesistionnieil, cyelyer, 9To HaiifeTcsa Takoit y € g, uro adgy = (adgz),. Us-
BecTHO, uTo (adgx), fBIgeTCs MHOTOWIeHOM OT adgx 6e3 cBOBOIHOrO [sIeHa.
IMostomy y € g(U, W) n moganrebpa ady(g(U, W)) stBasiercst pazessionieii.
Ocrajioch 3aMeTuTh, 9TO €CJii ( — Takad mojaiarebpa ajarebpst Jlu g, aTo
nopanrebpa adg(q) sBaseTcs pazmesnstomeii, To mopanrebpa adq(q) Takxke
SIBASETCA Pa3mendoneit, a ajrebpa Jlu ¢ — mouru anredpaniecKoi. [l

TounocTs anrebpol J1u g SKBUBaJIEHTHA TOYHOCTHU ee paciierieans MaJib-
nesa. leitctBuTennHo, ecan g paciierienne MaibiieBa 71 g M § — UIeaT B
g, 1o (B cuty Jlemwmer 1) § — umean u B g. Kiaccudukanusa ToqHbx aarebp
Jlu pazbuBaercd Ha CIEAYIOIINE T10/[3a/1a9N:

[A | knaccudukanmst HuIBIIOTEHTHBIX anrebp Jlu;

[B | knaccudukanus rounbix nodru anrebpandeckux aiaredbp Jlu ¢ jgan-
HbIM HanGOJIbIIMM HUJIBIOTEHTHBIM MJ1eaJloM U3 nyHKTa [Al;

[C | knaccudukaiys Touanbix anrebp Jlu, He siBastFOIUXCst 04T AJred-
pPAMYecKUMMU, C TAHHBIM paciierierrnemM Masbiiesa (¢ UCnob30BaHu-
eM pe3yrbTaToB myHKTa [B]).

IIyctb paszmepuocTs anrebpel JIu g dukcuposana. Buecem coorercrByio-
[IUe YTOYHEHUS B aJrOPUTM:

[A] Knaccudukanust HuabnorenTHbx aarebp JIn n, taknx, uro dimn =
dim g.

[B] Ecin g — mouru anrebpandeckas anrebpa Jlu m g = m & n — ee
paznoxenne Manbiesa, To dim g = dimm + dim n. [Iposonurcs:

a) KIaccudUKAIs HUIBIIOTEHTHBIX aare6p Jlu n, takux, uro dimn <
dim g;

b) mocTpoenre MAKCHMAJIBHON TOYHOM MOYTH aarebpandecKoii aareGpel
Jlu g =m & n C Der(n) & n;

¢) kaaccuduKanms ¢ TOYHOCTEIO 10 TPyTel Aut(n, m), meficTByormeii B
m, mogaarebp m, peaykTuBHBIX B gl(n), rakux, yro dimm = dim g —
dimn.
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[C] IIycrb M@ n — makcumasibHast TOYHAsE 109TH asrebpaundeckast aaredpa
Jlu. Onpegesum st Kakux nojgairedp m C m cymecTBytor aaredbpsr Jlu g ¢
JIAHHBIM pacierienneM Masbiesa § = m P n U ¢ JAHHBIM 3HaUeHneM dim g.
VKazaHHbIe YCI0BUST CHOPMYTUPYEM B TEPMUHAX M-MOJYJIS M.

O6oznaunm 4epes a dbakropaaredpy g/(Dg+Z5(g)). Ilycts p: g — a —
KaHOHIYIecKni ToMoMopduaM. [locpeacTBoM dpakTOPU3AINE ONPEIETUM TO-
Momopduam rpym: €: Aut(g) — Aut(a).

AsroputMm knaccupuramun aarebp JIn, He SBATIOMEAXCS TOYTH aarebpa-
MUIECKUMI, MOKHO CHOPMYTHPOBATE B CJIEAYIONEM BUJIE:

a) Jlis namnoi nouTwn anrebpanyeckoii aareOper JIu g = m @ n onpee-
ngem rpynmny G = e(Aut(g, m));
b) B IIPOCTPAHCTBE @ OIIUChIBACM C TOYHOCTBHIO O0 T'PYIIIbI G BCE TaKue
nognpocrpancrea U, aro U +p(m) =au U + p(n) = a.
Torma Beskast anredbpa JIu ¢ 3amanubiM pacmerieruem MasibiteBa g Oymer
COTIpsIFKeHa, OJTHOI M TOTHLKO OJIHOM 3 ceaytomux anre6p suma p~ H(U).

Takum o6paszom, moaydaem, aro dim g=dim U+ dim(Dg+Z5(g)) u
max(dim p(m), dimp(n)) < dim U < dim p(m)+dim p(n) (dim p(m)-dim p(n) #
0, unage TpebyembIx g He cymiecTByeT). [Ipu 3TOM PeaTu3yTCs BCe 3HAUE-
Hust A7 dim U w3 yKa3aHHOTO WHTEPBAJIA. 3aMETHM, 9T0 eCau M = § @ t —
pasnoxkenne m, rje § = [m, m] u t — nenwrp m, to dimp(m) = dim ¢, Taxk Kax
s C DgutN(Dg+Z(g)) C tN(s®n) = {0}.

ITycts Teneps V' — mpousBosbHBIN m-Moayak. CumBogom m.V 0bo3HAa-
YUM TOAMOMY/IB B V', OPOXKEHHBIH d1eMenTamu Buja .0 (x € m, v € V).
Ecin m-mogyns V' — nonynpocr n Vi ectb m-mogmomynb, To dim(m.V) =
dim(m.V;) + dim(m.V/V}). JleficrBureibHO, NOCKOIBKY M-MOAY/ b V — 10~
JIYIIPOCT, TO CYIIECTBYET M-TIOAMOY/b Vo, Takoit, aro V = V) & Vs, Tak kak
m-mouyau V/Vi u Vo uzomopdust, ro dim(m.V/V;) = dim(m.V3).

Jlemma 2. Ilyecmo V. — noaynpocmoti m-modyasv u V™' — nodmodyaiv unea-
puanmuux anemenmos, mo ecmo V" = {v € V | z.v = 0 dan 6cex © € m}.
ITyemov Vi u Vo — nodmodyau m-modyasn V. Tozda V™ N (Vi 4+ Vo) =V™N
Vi+Vvhni,.

Jlokasamenvcmeo. Tlokaxkem, aro umeer mecro Braogenune: VN (Vi +Vs) C
ViV + VTN Vs, Jlasg noaynpocTeix M-MOLYJIEH MOAyIaeM Pa3I0KeHIe:
Vi=mVioV® Vo=mWho Vi, Vi+Ve=m (V1 + V) @ (Vi + Vo)™ [32].
Mycrb v €e VPN (Vi + Vo) uv =u+ w, tae u € Vi, w € V. Pacemorpum
pasznoxeHne u = uj + ug, rae up € mVj, ug € V" u w = w; + wy, vI€
wy € m.Va, we € Vi*. Tak kagk m.v = mvg = mawy =0, o m.(u;+w;) =0n
uitwy € (Vi+V)™. C npyroii croponst, u1+w; € m.Vi+m.Vo C m.(V1+V53).
CraemoBarenpHo, u; + w1 =0umv=us +we € VNV, + VN, O

Ob6o3uraunm gepes b dakropanredbpy n/(Dn+Z,(n)).

Ipensoxenune 1. Ilycmo § = mPn — nownu arzebpauveckas anreebpa Jlu
um = sDt, 2de s = [m, m] u t — yenwmp m. Jas mozo, ¥mobw, cyuecmsosana
HEMPUBUAALHAA nodaszebpa § C §, UMEOWAA § 6 KAYECTNGE PACULENAEHUA
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Manvuyesa, neobxodumo u docmamouno, wmobw dimt - dimp(n) # 0. pu
amom

dim p(n) = dim b — dim(m.b), (1)

dim g = dim s + dim(Dn+Z,(n)) + dim(m.b) + dim U, (2)
2de U = p(g) v max(dimt,dimp(n)) < dimU < dim t + dim p(n).

Aokazamenavcmeo. Jokaxem mpuBeenubie hbopMysbl 1ist dim p(n) u dim g,
IIOCKOJIBKY OCTaJIbHBIE YaCTH Ipe/loxKeHns odeBuanbl. llockonbky Z5(g) C
n, 0 Z5(g) = Zn(m) N Zy(n). Tak xax Dg = s @ ([m,n] + Dn), 10 umeem
Dg+Z5(g) = s @ ([m,n] + Dn + Z;(m) N Zy(n)). B cuny moxympocrorsr m-
MOJIYJIT N UMEIOT MECTO pasjioxkenus: n = [m,n] & Zy(m), Dn = [m, Dn] ¢
(Zo(m)NDn), Dn+Zy(n) = [m, D+ Zy(n)]B (Za(m)N(Dn+ Zy(n))) Ilosromy
[m,n]+Dn+ Zy(m)NZy(n) = [m,n] & (Zy(m)NDn+ Zy(m)N Zy(n)). B cuny
JleMMBbI 2, TpUMeHeHHOH K M-Moy 10 Dn+ Z, (n) u nogmozyasm Dnu Z,(n),
nosygaeM Zy(m) N Dn+ Zy(m) N Zy(n) = Zy(m) N (Dn+Zy(n)). Takum 06-
pasom, Dg+Z5(g) = s & [m,n] & (Za(m) N (Dn+Za(n))). CaepobaresnbHo,
dim(Dg+Z5(g)) = dims + dim[m, n] + dim (Zy(m) N (Dn+Z,(n))) = dims +
dim[m, n]+ (dim(Dn+ Z,(n)) —dim[m, Dn+Zy(n)]) = dims+dim(Dn+ Z,(n))+
(dim[m, n] — dim[m, Dn+ Z,(n)]) = dim s+ dim(Dn+Z,(n)) + dim(m.b). Tax
kaxc p(n) = (n -+ (Dg+25(5)))/ (Da-+2Z5(3)) n 1+ (Dg+Z5(3)) = s & n, 0
dimp(n) = dims + dimn — dim(Dg+ Z5(g)) = dimn — dim(Dn+Z,(n)) —
dim(m.b) = dim b — dim(m.b). Oxonuaressno, dim g = dim U+
+dim(Dg+Z5(g)) = dim U + dim s + dim(Dn+Z,(n)) + dim(m.b). O

Caencrsue 1. 1) Ecau n — abeaesa anzebpa Jlu, mo dimp(n) = 0, u no-
omomy § = M D n ue asasemca pacwenaenuem Marvuesa oaa nexomopot
anzebpv, Jlu.

2) dimg > dims + dimn.

3) Ecau dimn > dim g—3, mo g — paspewuman, a M — KOMMYMAMUCHAA
anzebpa Jlu.

Aoxasamenvcmeo. Ilockoapky dimU > max(dimt,dimp(n)), To dimU >
dim p(n). 3raunt, dim g > dim s+ dim p(n) + dim(Dn+Z,(n)) + dim(m.b) =
dims + dim b + dim(Dn+Z,(n)) = dim s + dimn. Ecan g — Hepaspemmmas
asirebpa Jlu, To dimg — dimn > dims > 3, 4T0 u JJ0OKA3BIBAET TOCJIEIHION0
YacCTh CJICJICTBUA. O

Takum obpazom, jisi TPETHEro MYHKTA AJITOPUTM MOXKET ObITH copmy-
JINPOBAH B CJIEJIYIOIIEM BHU/IE:

a) KaccudUKaIys HUJIBIOTEHTHBIX aare6p Jlu n, takux, aro dimn <
dim g;

b) mocTpoeHre MAKCHMAJIBHON TOUHOM MOYTH aarebpandecKoii aareGpel
Jlt m @ n C Der(n) @ n;
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¢) kaaccudukanms ¢ TOYHOCTHIO 10 rpynnbl Aut(n, M), geicrByromeit
B M, nogmaarebp m (m = s ®t, § = [m,m], t — menrp m), peayk-
TuBHBIX B gl(n), Takux, uro dimt- dim p(n) # 0. IlocTpoenne mouru
ajrebpanveckoit anrebpst Jlu g = m @ n;
d) kmaccudbukanys B MIPOCTPAHCTBE G ¢ TOYHOCTHIO IO TPYIIIIbI
e(Aut(g, m)) rakux mognpocrparcts U, ato U + p(m) = au U +
p(n) = a. Iocrpoenne g = p~ 1 (U), rae p: § — a — KaHOHIYECKHIT
roMoMopduzM.
[Ipm 3TOM pazMepHOCTD TMOMYyIaAEMBIX AIredp MOXKET ObITH OleHeHa TIPH TI0-
Moru dopmyssl (2).

IIpu dukcarun 6a3uca B anredpe Jlu O6yaem oroxKaecTBIsAThH ee ¢ Tabiiu-
el KOMMYTHPOBaHUs B JannoMm Oasuce. [lpy cchblike Ha HUIBIOTEHTHYTO
asirebpy JIu 6yaem ncrok3oBarh obo3znavenus nd_n, rjae d — pa3zMepHOCTh
aynredpst JIu 1 n — ee OTHOCUTEIBLHBIN TOPAIKOBBIN HOMED cpean aaredp Jlu
Jaunoit pasmepuoctu. llpupegem kmaccupuKamio HAIBIOTEHTHBIX aaredp
JIn 1o pasmepuocru 4 [19]:

Jlemma 3. ITycmov n — nuavnomenmuan aszebpa JIu nad nosem k (k =
C wau R) u dimn < 4. Tozda n uzomopdra 00notic u moavko 00notl u3
caedyrowur aneebp Jlu:

nl 12k n2 1=k% n3 1=k

[7] ‘ €1 €2 €3
e1 | 0 0 0

‘(13_2 €9 0 0 61;
€3 0 —€1 0
nd 1=k

[7]‘ €1 €2 €3 €4 [7]‘ €1 €2 €3 €4
er |0 O 0 0 e1 | 0 0 0 0
n 2 e|0 0 0 0; nd 3 e|0 0 0 e
€3 0 0 0 el €3 0 0 0 €9
€q 0 0 —e€1 0 €4 0 —€e1 —€9 0

[IponmnarocTpupyeM npuMeHeHne aJroOpUTMa Ha IIPUMepe KIaCCH(PUKAIIIIT
JeThIpexXMepHbIX aaredp JIu Haa moasaMu KOMILIEKCHBIX U AeACTBUTENbHBIX
qmcesI, KOTopast HaM ToHago0nThcsa B maJabHeiem. [Ipn cehlike Ha 9eThI-
pexmepuyto airebpy JIu 6yaem ncroab3oBarTh obo3HavMeHNs BUAa g4 n, rje
n — ee MOPAAKOBEIN HOMED. B ciyuae, xorpa kaaccudukaims 3aBUCUT OT
CBOWCTB 10/, Oy/meM yKa3bIBATh 9TO 3aMEHONW CHMBOJIA OCHOBHOTO MOJIs K
va R u mobaBienmem K HOMEPY aaredpnl cumBoja r. Takum oOpasoMm, ai-
rebper JIw g n m g nr aenarorca mzomopdubivu waz motem C n me 6ymayT
n3oMmopduEl Hag mogem R.

Ipennoxenune 2. [lycmo g — uemwvipermepras arzebpa Ju nad nosem k

(k = C uau R). Toeda g usomoppra 0dnot u moavko 00noli us caedyrouus
anzebp Jlu:
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1] e1 e2 es ey ]| er e2 es ey
€1 0 €9 —€3 0 €1 0 €3 —€9 0
g4 1 es | —eo 0 er 0 g4 1r es | —e3 0 e17 O
€3 €3 —€1 0 0 €3 €2 —e1 0 0
e4 0 0 0 0 e4 0 0 0 0
L] e1 e e3 ey ]| er ea es ey
€1 0 0 €3 0 €1 0 0 €3 €4
gd 2 €9 0 0 0 eq4 g4 2r es 0 0 —e4q e3
€3 —€3 0 0 0 €3 —€3 €4 0 0
€4 0 —e€4 0 0 €4 —€4 —€3 0 0
L] e1 es ez ey
e1 0 es aeg ey 1 8
g4_3 €2 —€2 0 0 0, (avﬁ) ~ (77 7) ~ (ﬁaa)
es | —aeg 0 0 0 aa
eq | —PBes O 0 0
[7 } ‘ €1 €2 €3 eq
el 0 aey—e3 ext+aes Pey
g4 3r ey | —aegtes 0 0 0 ,(a,B)~(—a,—p)
es | —ea —aes 0 0 0
eq —Bey 0 0 0
[, ] \ €1 €2 €3 €4
el 0 (a+1)ex ez ey 1
g4 4 e | (—a—1)ey 0 0 0 ,a~—
€3 —es3 0 0 €9 o
€4 —aey 0 —ey 0
[, ] ‘ €1 €2 €3 e4
e1 0 2c0eg ez —eq ezt aey
g4 4r es —2aes 0 0 0 , .~ —Q
es | —aesz+ey 0 0 €9
eqs | —e3 —aey 0 —e9 0
g4 5=k
[L]]er e2 e3 ey ]| e1 ex e3 ey
€1 0 0 0 0 €1 0 0 €y €4
g4 6 es | 0 O 0 0 gd 7 es 0 0O 0 O
e3 | 0 O 0 e e3 |—es 0 0 O
ea |0 0 —ep O eq |—e4 0 0 O
[,] e1 e es3 e4 [,]le1 e e3 es
e1 0 €y €3+e3 ey er | 0 0 0 0
g4_ 8 €9 —E€9 0 0 0 94_ 9 €2 0 0 0 €1
€3 —€9 — €3 0 0 0 €3 0 0 0 €9
ey —ey 0 0 0 es | 0 —ep —eg O
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[, ] ‘ €1 €9 €3 €4 [, ] ‘ €1 €9 €3 €4
el 0 es eatesz es+ey el 0 2e9 ez esztey
g4 10 eg —e9 0 0 0 gd 1ley | —2eo 0 0 0
€3 —€g—E€3 0 0 0 €3 —€3 0 0 €2
eq | —e3—eq O 0 0 e4 |—es—ey 0 —eg O

3ameuanune. OrHormenne nzomopdusma aarebp JIu apasercs oTHOIIEHN-
eM 9KBHUBAJIEHTHOCTH Ha MHOXKEeCTBe Tapamerpos («, [3). Janunoe orHotenne
SKBUBAJIEHTHOCTHU YKA3BIBAETCS TIOC/Ie TAbJUIBI YMHOKEHU aareopnl JIu.

Joxasameavcmeo. Fcam gerpipexvepnas anredbpa JIu g nmeer HerpuBma/ib-
HBI nosynpocToit mupean, To qmbo g = sl(2,k) x k = g4 1, qmbo g =
su(2) x R=gd 1r [36].

Ocra/och HPOU3BECTH KIACCU(PUKALMIO Y€ThIPEXMEPHBIX TOYHBIX aJIredp
JIn ¢ maHHbIM HAuOOJIBITMM HEIBIIOTEHTHLIM UeaI0M paciierienns MaJib-
nepa. CornacHo mpeanoxkenno 1 Besgkas Takas anarebpa Jlu apisercs pas-
PelmMo.

(1) ycrs n = n2_1 = k2. Tormga Der(n) = gl(2,k) u Makcuma bHAS
TOYHAA IOYTH anrebpamdeckas anrebpa Jlu ects gl(2, k) Ak%. B cumy
IpeIOKEHnA 1 JOCTATOYHO OIPAHUYUTLCA KacCu(pUKanuei modTn
anrebpanueckux aaredp JIu Buga g = mdn, rae m nogaarebpa B m =
gl(2, k), peaykrusras B gl(n). IIpu srom dimm = dim g — dimn = 2.

TMockosnbky Aut(n,m) = GL(2,k), T0 ¢ TOYHOCTHIO JI0 COIPsIKe-
HUs BCsIKas JByMepHas nojasnrebpa, peiykrusHas B gl(n), nmeer

B
. z 0 ck o T oy
m; = 0 y T,y n mg = —y oz

CoorsercrBenro mogydaem g4 2 =2 mpAnu g4 2r = moAn.
(2) Oycrs n =n3_1 = k3. TloBTopsas pacCyAeHns MPeIbIIYIIero CIy-
Jas, UMeeM:
Heobxoanmo mponseecTn KIAaCCHMPUKAIIIIO ¢ TOYHOCTHIO IO COTIPSI-
JKEHHsl OJJHOMEPHBIX mogarebp, peaykrusabix B gl(n). TlomanreGper

x,yeR}.

z 0 O
m=<(0 az 0 ||lzeck}, (@, B) ~ (£, 8) ~ (8,a);
0 0 Pz
ar = 0
my = -z ar 0 ||lzeR}, (o, B) ~ (—a, —P)
0 0 pzx

ABJIAIOTCA perrtenneM Harredt 3agaun. Ilpn stom g4 3 =2 myAn n
g4 3r =ZmyAn.
(3) Hycts n = n3_ 2. HenmocpeacTBEHHBIE BBIMUC/IEHUS MOKA3BIBAIOT, 9TO

Dmm:{C?_Q

Aegl2,k),ve kQ},
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= { (“()A 2>‘Aeg[(2,k)},

Aut(n, 7) = { <d680 g) Ce GL(Q,k)}.

[IponsBenem KIaccnUKANNIO OJHOMEDPHBIX HOTAIre0p B M, peIyK-
tuBHBIX B gl(n). Takue monaare6pbl UMEOT B

(a+1x 0 0

m = 0 x 0 x €k, awi;
0 0 ax
2 0
mg = 0 ar =z ||lzeR,, a~ —a.
0 —z az

CoorBercrBenuo moxydaem, 9to g4 4 =ZmyAnu g4 4r = maAn.
Ocragiasics 9acTh KjaaccuuKauu He OyIeT 3aBUCETh OT aared-

pangecko#t 3aMKHYTOCTA OCHOBHOTO TTOJIS.

Hycrs n =n4 1 = k* B cuny npemioxenns 1 B annom ciydae u3

AJTOPUTMa TIPHMEHIM ToMbKO myHKT [A]. Tlosromy, g4 5 = k4.

IIyctb n = nd_2. g4 6 = nd_ 2. HemocpencTBeHHbIE BBLIYNCICHUS

MTOKA3bIBAIOT, UTO

r1+x2 T X7 I

Der(n) = 8 %3 i? ?40 T1,...,T10 €k p,
0 0 Is T2
z1+x2 0 0 O
_ 0 zz 0 O
m= 0 03 oy T1,...,x5 €k},
0 0 s T2
detC 0 O
Aut(n,m) = 0 ¢ 0]|CeGL(2k),cek”
0 0 C

[To coobpaxkenwaMm pPasMepPHOCTH B MAHHOM CAyYae HE TPUMEHUM
nyuktT [B] anropurma.

Temneps HEOOXOIUMO TTPOUBBECTH KJAACCHMDUKAIIIIO C TOUHOCTHIO 10
rpynnsl Aut(n,m), gefictBytomeil B M, noganredp m B M, peayk-
TuBHbIX B gl(n), 11 KOTOPBIX B nouTH asrebpandeckoit aarebpe Jlu
g = m & n cymecTByer nogaaredpa g, UMEONAad § B KaUeCcTBe pac-
meryieansg Masbiiea u mpu 3toMm dim g = 4. Toganrebpn:

0 0

my =fir= rek,,

OO OO
OO OO

T
0 0
0 0
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z 0 0 0
0 ax 0 O

Mo =for= 0 0 = oll®€ k
0O 0 0 O

ABJIAIOTCA PeIleHreM Halreil 3ajaun. PacemorpuMm mogasrebpy my
u mycts g = myAn. Bekropa (p(f1),p(es),p(es)) obpasyror Gazmc
MPOCTPAHCTBA @, B KoTopoM rpymina G = £(Aut(g, m;)) mpunumaer

T ey

Ipu srom p(m) = (p(f1)) n p(n) = (p(es), p(es)). Knaccndpummpyenm ¢
TOYHOCTBIO 710 rpymibl G Takue moanpocrpancTsa U, aro U+p(m) =
U + p(n) = a. [lockobky dimU = 2 u dim(U N p(n)) = 1, To
C TOYHOCTBIO 70 rpynmel G MoxkHO moyoxuTh U N p(n) = (p(es)) u
U = (p(f1+eas),p(e3)). Taxum obpazom, g4 7 = (fi+eq, e3,€1,€2) C
g. st nomaarebpel My COOTBETCTBEHHO TIOJIYYAEM, UTO § = Mo AN U
a = (p(f2),p(es)). B Boibpanuom 6aszuce rpynna G = £(Aut(g, mz))

IIPUHUMAET BH/:
10 X
o= {(2 )eer)

Tpebdbyemoe noampocTpancTso U COTpsIyKeHO TOATPOCTPAHCTRBY BHUIA,
(p(fa+ea)) mgd_8=(fo+eq er,e2,e3 C g

~Y

IIycte n = nd_ 3. g4 9 = nd_ 3. HenocpejcrBentble BHIYUCTEHWS
TTOKa3bIBAIOT, 9TO

C e GL(Q,k)}.

T1 + 2x9 xr3 T4 Tp
Der(n): 8 wl—ng i? ii Ti,...,x7 €k,
0 0 0 2
z+2 0 0 0
— 0 z+y 0 0O
m= 0 0 0 z,y €k
0 0 0y

Cpynna Aut(n,m), geficrByromas B M, ABAAETCS TPUBUAIBHOI.
Taxkum obpaszom, HEOOXOIUMO OTIMCATH TAKKE MOAMPOCTPAHCTBA, M
B M, 4Tobbl B mouTn anredpamdeckoit anredpe Jlu g = mAn cyrme-
CcTBOBAJIA IO Iredbpa g, UMeIoIas § B KadecTse paciiensienus: Maib-
neBa. CyHecTBYOT TOJBKO JIBA TAKUX HOIIPOCTPAHCTBA, & HMEHHO:

z 0 0 O

0Oz 0 O
ml—flx— 00 = 0 z ek s

0 0 0 O
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2z

my=fox = ek

o O OO
8 O OO

o O o
OO 8 O

[Mycts § = my An. Torma a = (p(f1),p(eq))

c(Aut(g, m1)) = { ((1) 2) ‘ ce k:} .

Tpedyemoe noanpocrpancTso U CONpsKeHO TOATPOCTPAHCTBY BHUIA,
(p(f1+e4)) mgd_10 = (f1 +eq,e1,€2,€3) C g
Iycrs g = maAn. Torpa a = (p(f2), p(e3)) n

c(Aut(g, my)) = { (é 2) ce k} .

IMomnpocrpanctso U ¢ TpeOyeMBIMI CBOMCTBAMHE COIMPSIZKEHO IOATIPO-
crpanctBy Buma (p(fo+e3)) mwgd 11 = (f] + es,e1,e2,e4) C G-

O

4 Kunaccudukanuma ceMUMEPHBIX Hepa3penmMbIxX aaredp JIn

IIycts g — mepaspermnumas asnrebpa Jlu n dimg = 7. [lycrs § — pac-
memeane Masnbiesa aist g u n(g) — HauOOIBINMIT HUIBIIOTEHTHBIA Waea T
g. Torna dimn(g) < 4 (caeacrsue K npeIoKeHUIO 1), MOITOMY s K1ac-
cudrKanum HEpa3pemuMbix aaredp JIu pasmepHocTn 7 AOCTATOYHO WMETH
KJIacCUUKANNIO HUJIbIIOTEHTHBIX ayredp JIu 10 pazmeproctu 4.

IIpw cebinke va anredpy Jlu Oyiem ucrnonbp30BaTh 0003HAMEHNA BUA Sd] N1,
nds no, pdo _ns ns, vIe di — Pa3MEpPHOCTb HAUOOJBINETO MOJIYIIPOCTOTO
ugeasa anredpsr JIu, ny — OTHOCUTETBHBIN TOPSIKOBBIN HOMED 3TOTO HJIea-
JIa, Cpejiu IOy IpocThiX aarebp JIu namHoit pasmepHocTH, do — pa3zMepHOCTh
HanOOJIBIIEr0 HIJIBITOTEHTHOTO U/IeaJIa paciierienns Mabiesa, ng — OTHO-
CUTEJIBHBIN TOPSIKOBLIN HOMED 3TOr0 Hjlea Ia CPeIn HUIBIIOTEHTHRIX aaredp
JIm naHHol pa3sMepHOCTH W N3 — OTHOCHUTENLHBIM TOPSIKOBLIN HOMED aJI-
rebpol JIu cpeau ayrebp ¢ JaHHBIM HAUOOJBIINM HUJIBIIOTEHTHBIM HIEAJIOM
pacmerienna Mastbriesa.

[To-ipexuemy, 6yksoit k oboznauatorcs mosg C u R, T.e. coorBercTBy10-
e ajaredpbl BXOJAT U B Kiaccudukanuio uall noseMm R, u B Kiaccuduka-
nuto Hay noem C. B ciyuae, korja kjaaccuduKanus 3aBUCUT OT CBONCTB
noJist, OyJIeM YKa3bIBaTh TO 3aMEHON CUMBOJIA OCHOBHOTO 1oJist k Ha R, Ta-
Kasi aJirebpa MosgBJIsieTCS TOJIBKO B Kiaaccudukaimu Ha 1 nojgeMm R, HaJT 1ogem
C omna mzomopdua ajsrebpe, IpHUBEIEHHON paHee; K HOMEPY TAKOH ajreOpsl
100aBJIAeTCA CUMBOJI T

Teopema 1. a) Ecau 7T-mepnas nepaspewiumas anzebpa § He ABAAEMCA
mounotll, mo aubo g umeem 6-mepryro nodaszebpy Jlesu u, coomeememeen-
1o, usomoppna anreebpam Jlu s1(2,k) x sl(2,k) x k, sl(2,R) x su(2) x R,
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su(2) xsu(2) xR, sl(2,C)r xR, aubo g usomopdua sl(2, k) x h uau su(2) x b,
ede dimbh =4, m.e. b — odna us aseebp Jlu, svinucarnvx 6 npedaoncenus 2;

b) Ilycmov g — 7T-mepraa nepaspewuman moywnas aszebpa Jlu u § — ee
pacuenaenue Maavuesa. Ecau dimn(g) < 2, mo 7-MepHbiT Hepaspeuiumols
anzebp JIu nem. Ecau dimn(g) = 3, mo g usomopdra 00not u moavko 00not
u3 caedyrowus anrzebp Jlu:

[L1| e1 es  es es es e ex

e1 0 2e0 —2e3 e4 —es; O 0

ex | —2eg 0 el 0 €4 0 0

€3 2 €3 —e1 0 €5 0 0 0
p3_1_1 eq | —eq 0 —e5 0 0 0 —eyq ] (a)

es es —ey 0 0 0 0 —es

eg 0 0 0 0 0 0 —aeg

e7 0 0 0 es e5 oeg 0

]| e e e3  e4 €5 eg €7

€1 0 2 €9 —2 €3 €4 —¢€;5 0 0

e | —2eg 0 el 0 e4 0 0

€3 2e3 —e1 0 es 0 0 0
P2 e 0 —e 0 0 0 0

es es —ey 0 0 0 0 0

eg 0 0 0 0 0 0 —eg

er 0 0 0 0 0 e O

L] e e e3 e4 e5 € er

el 0 2e9 —2e3 2e4 0 —2e4 O

es | —2e9 0 el 0 2ey es 0

€3 2 €3 —e1 0 €5 2 €g 0 0
p3_ 1_3 €4 —2 €4 0 —e€5 0 0 0 —€4

€5 0 -2 €4 -2 €6 0 0 0 —€5

€6 2 €6 —€5 0 0 0 0 —€g

€7 0 0 0 €q €5 €6 0

[L]| e1 e2 es es es e e7

€1 0 —e3 €2 —e5 €4 0 0

ex | es 0 —e —e 0 e O

es | —ea el 0 0 —eg €5 0
p3_1_dr ey es eg 0 0 0 0 —ey

es | —e4 O eg 0 0 0 —e;5

€6 0 —€4 —€5 0 0 0 —eg

e7 0 0 0 ey es  €g 0
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[ ) ] €1 €2 €3 €4 €5 €6 €7
el 0 2e0 —2e3 e4 —e; O 0
€2 —2 €2 0 €1 0 €4 0 0
€3 2 €3 —€1 0 €5 0 0 0
p3_2_1 e4 | —eq 0 —es 0 €6 0 —ey
es es —ey 0 —eg O 0 —es
€6 0 0 0 0 0 0 —2eg
er 0 0 0 e4 es 2eg 0
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Ecau dimn(g) = 4, mo g usomoppna 0010t u moavko 00Hot U3 caedyro-

wuz aszedbp Ju:

]| e e e3  e4 es eg ey

€1 0 2 €9 —2 €3 €4 —¢€;5 0 0

es | —2e9 0 e 0 e4 0 0

€3 2 €3 —e€] 0 €5 0 0 0
PALL 0l 2 00 —es 0 0 0 o0

es es —ey 0 0 0 0 O

eg 0 0 0 0 0 0 O

er 0 0 0 0 0 0 O

[ ) ] €1 €2 €3 €4 €5 €6 €7

el 0 2e9 —2e3 e4 —es eg —e7

€2 -2 €2 0 €1 0 €4 0 €6

ez | 2e3 —e 0 e 0 e O
PAL 2 0l 2 0 —es 0 0 0 0

es €5  —ey 0 O 0 0 o

(& —€g 0 —e7 0 0 0 0

€7 e7 —€g 0 0 0 0 0

[ ) ] €1 €2 €3 €4 €5 €6 €7

€1 0 262 —2 €3 264 0 —2 (& 0

ey | —2e9 0 eq 0 2e4 es 0

e3 | 2es —eq 0 es 2eg 0 0
P13 196, 0 —es 0 0O 0 0

es 0 —2e4 —2e¢5 O 0 0 0

€6 2eq —e5 0 0 0 0 0

er 0 0 0 0 0 0 0
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[ ) ] €1 €2 €3 €4 €5 €6 €7
el 0 2e9 —2e3 3e4 e5 —eg —3er
ey | —2e9 0 el 0 3eq4 2es €6
es 2e3 —eq 0 es 2eg 3der 0
PALA 83, 00 =5 0 0 0 o0
es | —es —3eq4 —2e5 O 0 0 0
€6 eg —2e5 —3ey O 0 0 0
er | 3er —eg 0 0 0 0 0
[]] e €9 €3 €4 €s €6 €7
€1 0 —€3 €9 —€5 €4 0 0
€2 es 0 —e1 —€g 0 es O
€3 —€9 e1 0 0 —€g €5 0
PAL O e 66 0 0 0 0 0
€5 —€4 0 €g 0 0 0 0
€6 0 —€4 —€5 0 0 0 0
er 0 0 0 0 0 0 0
[ ) ] €1 €2 €3 €4 €5 €6 €7
€1 0 263 —262 €6 —er €4 €5
€9 —263 0 261 —€5 €4 —er €6
€3 262 —261 0 (& €6 —€5 —€4
P4_ 1_ 6r () —€g €5 —e7 0 0 0 0
es5 er —e4  —€g 0 0 0 0
(& €q (&4rd €5 0 0 0 0
(& —€5 —€g €4 0 0 0 0
[ ) ] €1 €2 €3 €4 €5 €g €7
el 0 2e90 —2e3 0 0 e —er
€2 -2 €2 0 €1 0 0 0 €6
€3 2e3 —eg 0 0 0 ey 0
P2 L0 0 0 000 0 0
es 0 0 0 0 0 0 0
€e —€q 0 —er 0 0 0 €4
er er —E€g 0 0 0 —e4 0

Hoxaszameavemeo. Ilycrs § — mpocrast anredpa Jln u dims < 7. Torga s
n3oMopdHa OHON U3 caeayomux Tpex aarebp Jlu: 63 1 2 sl(2, k), 3 2
su(2) = s0(3) usl(2,C)r [36]. Ecain cemmmepnas anrebpa JIn g nmeer HeTpu-
BUAJTLHBIN TOTYTTpocToi uaeas, To aubo g nMeeT 6-MepHyto nmogaaredpy Jle-
BU W, COOTBETCTBEHHO, m3oMopdua amrebpam Jlu sl(2,k) x sl(2,k) x k =
50(2,2) x k, sl(2,R) xsu(2) xR, su(2) xsu(2) xR = so(4) xR, s[(2,C)g x R =
50(3,1) x R, 6o g =2 63 i x b, rme i = 1,2 u h — gersipexMepHasi aarebpa
JIn, BoimucanHas B TPEeJIOKeHNH 2.
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Ocra/noch HPpoU3BECTU KJIACCUPUKALIMIO CEMUMEPHDBIX TOYHbBIX HEpa3Peliu-
MBbIX am“e6p I[I/I C JaHHBIM HaI/I60.Hb]_HI/IM HUJIBIIOTCHTHBIM HUJCAJI0OM PaCIIeIr-
nenusa MaJsbiesa.

(1) Mycts n = n2_1 = k2 Torma Der(n) = gl(2,k) u pasmeprocTs
anre6bp JIu Buga g = m@n, rae m noganrebpa 8 m = gl(2, k), menbmre
7 (pasymeercsa, ams n = nl 1 = k pasmepHOCTH ¢ TaK>Ke MEHbIe 7).

(2) Tycrs n =n3_1 = k3. Torma Der(n) = gl(3, k) m Maxcuma bHAs TO-
gty anrebpanueckas aarebpa Jlu ecrs gl(3, k) <k3. Cormacno cien-
CTBUIO K TIPETOKEHNI0 1 JOCTATOIHO ONPAHNINTCA KIACCH(PUKAIII-
el ¢ TOYHOCTBIO JI0 CONPSIZKEHUs OTHOCUTENBLHO rpymnbl Aut(n, m) =
GL(3,k) noaru anrebpanueckux ajaredbp Jlu Buga g = m @G n, rge m
— uJerTbIpexMepHasi Hepaspemumas noganrebpa B m = gl(3, k), pe-
nykrusHas B gl(n). Takue momanredbpsl onucanbl, HapuMep, B [37] u
HUMEIOT BH/I:

z z 0
m; = vy 0]z, y,z,u€k);
0 0 0
Ar+y z 0
my = U A—y O0]|xz,y,z,u€k,;
0 0 T
r+y =z 0
mg = U T z T, Y, 2, u €k p;
0 u T—Y
T zy
my, = -z x ul|x,y,z,u e R
—Y —U T

[Ipu sTom moaygaem ajiredpsr p3_ 1 4, i =1,...,4.
(3) Iycts n = n3_ 2. HemocpencTBeHHBIE BBIYUCICHUST TOKA3BIBAIOT, 9TO

Der(n) = { (trOA Z) ' Acgl(2,k),ve k:Q},

= { <“;)A 2)‘1469[(2,14:)},

Aut(n, ) = { (degc g) ‘ Ce GL(2,I<:)}.

ITpousseneM KaacCuPUKAINIO YeTBLIPEXMEPHBIX Tofaaredp B Mm,
penyktuBHBIX B gl(n). Takne moganrebpsr copnagator ¢ m. CooTser-
CTBEHHO, oJjaydaeMm p3 2 1.

(4) Iycts n = n4_ 1 = k*. HeobxoamMo TPOU3BECTH KIACCH(PHKAIIIO C
TOYHOCTBIO JIO CONMPSIKEHNsI TPEXMEPHBIX HEPA3PEIINMBIX TT0IaIre0p,
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peaykrusHbiX B gl(4, k). Takue nopanrebpsr umeror sug [38]:

z y 00
z —x 0 0
m; = 0 0 0 0 xayazek 3
0O 0 00
z y 0 0
z —x 0 O
mo = 0 0 T y %?JvZEk ;
0 0 2z —x
z y 0
z 0 0
mg = 0 = —y:c 0 x,y,z2 €k p;
0O 0 0 O
3r 3z O 0
T 2z 0
my = g 2y —r P fUayaZEk ;
0 0 3y —3z
0 =« wy O
—x 0 2z O
ms, = —y -2 0 0 z,y,z€R oy
0 0 00
0 Yy —xr —z
-y 0 -z
mMer = I~ p 0 y x,y,zeR

z —x —y 0
[Ipu sTom momygaem anrebps! p4 1 4,1 =1,6.
(5) Iycts n = nd_ 2. HemocpencTBeHHBIE BBIYUCICHUST TOKA3BIBAIOT, 9TO

xr1+x2 T X7 XY

Der(n) = 8 %3 i? :;140 T1,...,T10 €k 3,
0 0 Trs5 T2
r1+x2 O 0 0
— 0 T3 0 0
m= 0 0 =, 24 r1,...,x5 €k},
0 0 Irs T2
detC 0 0
Aut(n,m) = 0 ¢ 0]|CeGL(2k),cek”
0 0o C

Heobxomumo mponsBecTr KiaaccuuKaImo TPEXMEPHBIX MoAaaredp
B M, peyKTUBHBIX B gl(4, k), ¢ TOYHOCTBIO JI0 COTMPSZKEHUs IPYIIIONH
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Aut(n,m). Orpanuuunmcs ciayvdaem, Koria § — Hepaspermmast ajred-
pa. Beakast Takast mogasrebpa conpsizkena aaredbpe Jln

)

00 O
x,y,z €k

o O O

0
0
0

w8 O

[Tonygaem anrebpy p4d 2 1.
(6) Mycts n = n4d_ 3. HenmocpeacTBEHHBIE BLIMUCIEHUS TOKA3BIBAIOT, 9TO

T1 + 229 T3 T4 Ts
0 T1+2T2 T3 T
Der(n) = 0 10 2 xi xi Ti,...,x7 €k ),

0 0 0 =z
T+ 2y 0 0 0
— 0 xr+y 0 0O

m= 0 0 =z 0]|BYEFR

0 0 0 y

[MockoabKy pazMepHOCTh M paBHa 2, 7-MEePHBIX HEPA3PENTUMbIX aJl-
rebp JIu B 9TOM Ciiyuae He CyIECTBYeT.

O

Taxum obpazom, HaliIeHbI Bce 7-MepHBbIE Hepa3permMble aaredps! JIu Ha
nosamu R u C. Bmecte ¢ paboramu |28, 29, 30| 3ro 3aBeprimaer kiaaccudu-
KAIUI0 ceMUMepHBIX ajarebp Jlu.
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