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Allpass transform is a key element of the discrete systems which
produces signal processing in warped frequency domain. The paper
presents a new short-critical path algorithm for allpass transform, which
essentially consists of calculating the outputs of allpass filters chain.
The algorithm is based on the proposed dual allpass filter structure,
which computes the outputs of a cascade of two allpass filters in one
computational pass. The dual allpass filter structure is obtained using
the state variable representation of the allpass filter. The efficiency of
the proposed algorithm is analyzed in the context of allpass transform
implementation using a general purpose CPU. The results of the ex-
periment show that the use of the proposed algorithm accelerates the
calculation of the allpass transform by 1.81 times.

Introduction: Systems based on allpass transform (APT) [1–3] are
widely used for various tasks in digital signal processing. Application
of APT is a simple and effective way to achieve non-uniform frequency
resolution in discrete-time systems [3], which is especially important for
hearing frequency selectivity modeling. Formally, the APT consists of
the implementation of a chain (cascade) of allpass IIR filters, and the
output of the transform is the outputs of each filter in the cascade.

Here we bring several examples of APT usage. In [4], the APT is
used to implement a warped discrete Fourier transform (WDFT) with a
non-uniform frequency resolution. In particular, WDFT is used to detect
signals with multiple narrow-band components. In [1], IIR filters are
implemented using an allpass chain to build audio equalizers that take
into account hearing resolution. In [5], APT is embedded into the Burg
spectrum analysis procedure to improve resolution at low frequencies.

The main issue in development of systems based on APT is the im-
plementation of an allpass chain (APC) [3, 6]. In practical applications,
the length of the chain reaches 1024 elements [3]. The operations in the
APC must be carried out in the original sampling rate which increases
the computational cost and time. An important aspect of APC imple-
mentation is that the computational algorithm contains data dependency,
which makes it difficult to parallelize the algorithm in its original for-
mulation.

We propose an accelerated algorithm for the computation of the out-
puts of APC which is based on dual allpass filter structure. The dual
allpass filter is designed to obtain the outputs of a cascade of two all-
pass filters in a one computational pass. The proposed dual allpass fil-
ter structure has the same critical path as original allpass filter structure,
which compute single filter output. The rest of the paper follows the next
plan: (i) description of the allpass filter and its computational graph; (ii)
the analysis of the computation time of the APC; (iii) description of the
proposed structure of dual allpass filter; (iv) evaluation of the proposed
short-critical-path algorithm; (v) concluding remarks.

Allpass chain: In this section, we describe the conventional approach
that is used to implement allpass chain, which essentially implements
APT. Allpass filter has the following transfer function:

A(z) = z−1 − α

1 − αz−1
, |α| < 1, (1)

where α is a coefficient, which controls the frequency warping.
Using the inverse z-transform (1) can be converted to difference equa-

tion:

y(n) = x(n − 1) + α(y(n − 1) − x(n)). (2)

where x(n) – filter input, y(n) – filter output.

Fig. 1 Allpass chain

Fig. 2 Directed computational graph of the allpass filter

From computational point of view implementation of (2) requires 2
additions and 1 multiplication. Using filter structure that based on the
(2) the APC can be implemented as shown in Figure 1.

It is easy to see that the scheme on Figure 1 is serial in nature and
possesses a data dependency. For example, v2(n) cannot be computed
until the computation of v1(n) is completed. Figure 2 shows the directed
computational graph of allpass filter (2). The graph is divided into layers.
Each layer contains operations that can be computed in parallel.

It can be seen that the graph of allpass filter has three layers (the 0th
layer is the input data). Therefore, if the APC (see Figure 1) consists of
N elements, then the total number of layers in its computational graph is
3N . The number of layers is important, it shows the possibility to parallel
the algorithm, since calculations in each layer depend on the results of
the previous layer. We can assume that the calculation time of one layer is
equal to time of one processor cycle. This means that the implementation
of the APC as shown in Figure 1 will take 3N processor cycles. The
aim of this paper is to design algorithm for calculating outputs of APC
with reduced number of layers in computational graph by increasing the
degree of parallelism. The difficulty in implementing the discrete-time
systems based on APT is that when a new input sample x(n) comes, all N
outputs of the APC should be recalculated. Moreover, the computational
process in system based on APT cannot be carried out until the outputs
of all elements of the APC are calculated. Thus, the time of calculation
of all outputs of the APC becomes crucial. This is the main motivation
for developing short-critical-path algorithm for APT.

Dual allpass filter structure: In this section we describe new allpass fil-
ter structure that will be used as a building block to construct short crit-
ical path APT. For our purpose we will use state variable description of
allpass filter (2) [7]:

y(n) = (1 − α2)w(n − 1) − αx(n)

w(n) = αw(n − 1) + x(n),
(3)

where w(n) is an internal state variable.
System (3) can be rewritten in a matrix form:

[
w(n)
y(n)

]
=

[
α 1

(1 − α2) −α

] [
w(n − 1)

x(n)

]
. (4)

We will use the matrix form (4) to construct the dual allpass filter
structure. Suppose we have a cascade of two allpass filters that imple-
mented according to Equation (4). Each filter in the cascade has its own
state variable (w1(n) – for first filter and w2(n) – for second) and output
signal (v1(n) and v2(n), respectively). We want to describe the cascade
of two filters as a matrices multiplication operation. For this reason let
us define input vector as [w2(n − 1) w1(n − 1) v0(n)]T (here v0(n)
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Fig. 3 Directed computational graph of the allpass filter

Fig. 4 Block-scheme of the dual allpass filter

is equivalent to input signal of the APC as shown in Figure 1), and the
output vector as [w2(n) w1(n) v2(n) v1(n)]T . After that the cascade
of two allpass filter can be represented as

⎡
⎢⎢⎣

w2(n)
w1(n)
v2(n)
v1(n)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

α 0 1
0 1 0

(1 − α2) 0 −α

0 0 1

⎤
⎥⎥⎦

⎡
⎣1 0 0

0 α 1
0 (1 − α2) −α

⎤
⎦

⎡
⎣w2(n − 1)

w1(n − 1)
v0(n)

⎤
⎦ .

(5)

After multiplication of the matrices the expression (5) can be simpli-
fied:

⎡
⎢⎢⎣

w2(n)
w1(n)
v2(n)
v1(n)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

α B −α

0 α 1
B C A
0 B −α

⎤
⎥⎥⎦

⎡
⎣w2(n − 1)

w1(n − 1)
v0(n)

⎤
⎦ , (6)

where A = α2, B = (1 − α2) and C = −α(1 − α2). This equation de-
fines the dual allpass filter. In Figure 3 the matrix equation (6) is repre-
sented in the form of computational graph.

From Figure 3, it can be seen that computational graph of the dual
allpass filter (DAPF) has 3 layers. It is the same number of layers as
in graph of single allpass filter in Figure 2. Now, if we construct the
allpass chain with N elements using the DAPF, the depth of the resulting
computational graph will be twice as shorter as when using the standard
allpass filter structure (i.e. 3

2 N instead of 3N).
Block scheme of the DAPF is presented in Figure 4.
The computational costs of the DAPF is 7 multiplications and 5 ad-

ditions. This is more than 2 multiplications and 4 additions that are re-
quired for a cascade of two allpass filters implemented according to the
expression (2). Therefore, the proposed DAPF structure has an increased
computational complexity, but leads to reduce the computation time due
to parallelization.

Evaluation: The proposed DAPF (Figure 4) and direct form of allpass
filter (Figure 2) were implemented using C language to evaluate their ef-
ficiency in context of implementing the allpass transform using a general
purpose CPU. Therefore our evaluation address the following question:
the CPU time, required for calculation of output of APC with N elements
using direct form of allpass filter and using DAPF.

We tested two implementations of APC that are based on the different
allpass structures. The CPU time of each variant of implementation were
evaluated 10 times, then the obtained values were averaged. The scheme
of the experiment is given in Figure 5. The input signal x(n) is a discrete

Fig. 5 Experiment scheme

Fig. 6 Run-time measurements of software implementations of APC based
on direct form of allpass filter and DAPF

sinusoid with a length of 106 samples (sampling rate 44.1 kHz). The sig-
nal passed through APC with N = 2048 elements. To analyze the CPU
time, we used the built-in profiler of the Visual Studio 2019 IDE and a
PC with Intel Core i7-37700 processor (clock frequency 3.4 GHz). The
source C code used for experiments is available in public repository [8].

Experimental results: The run-time measurements obtained in experi-
ment are given in Figure 6. The results show that run-time of the APC
based on direct form of allpass filter equals to 6129.6 ± 22 CPU time
units, while the implementation based on DAPF requires 3384.7 ± 11
CPU time units (Figure 6). Thus, the implementation of the APT is ac-
celerated by 1.81 times due to the use of DAPF.

Conclusion: The paper proposes short-critical-path algorithm that ac-
celerates the computation of APT. The algorithm is based on the new
dual allpass filter structure, which is obtained using state variable de-
scription approach. We compare the proposed algorithm of computation
of APT with algorithm based on direct form of allpass filters. The re-
sults of the experiments showed that the use of the proposed algorithm
accelerates the calculation of the APT outputs by 1.81 times.
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