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Abstract—The paper considers the problem of stable
interpretation of fuzzy logic models. An approach based on
parameterized fuzzy logic is proposed, where each logical
formula has a set of model parameters in addition to truth
values. Parameterized fuzzy logic allows combining different
fuzzy logic systems. Model parameters are used to calculate
fuzzy truth values as a fuzzy measure. Models and model
parameters related to metric spaces, consistent with metric
sense spaces and being the basis for interpretation of fuzzy
logic formulas on ontological models are considered.

Keywords—Fuzzy logic, Parameterized fuzzy logic, Met-
ric space, Fuzzy measure, Simplicial complex, Residual sim-
plicial complex, Canonical form, Semantic metric, Seman-
tic Space, Integration, Knowledge representation model,
Knowledge processing model, Ontology, Unified representa-
tion of knowledge, Linear vector space, Parametric t-norm
classes, Hilbert cube, Finite structure, Substructural logic

I. Introduction

Approaches to integration of logical models in a
general form are considered in [7].

One of the problems of integration of logical models of
knowledge representation and processing [11], [17], [20]
is to identify compatible models that provide construction
of interpretations of corresponding logical formalisms
[6]. If necessary, these models can be considered as part
of the corresponding semantic space [7], [8], [19].

One of the broad classes of logical models is fuzzy
logics [3]. There is a problem of unreliability of fuzzy
logics due to uncertainties [18] existing at different stages
of their application [15]. One of the stages is selection of
a fuzzy logic model or system with the purpose of appli-
cation for realization of reasoning and problem solving. It
is not always clear how suitable the chosen fuzzy system
is. This is due to the fact that interpretations (which are
built in the process of fuzzy logical inference) connect
logical constructions with abstract algebraic systems that
have no definite connection with any subject area or
its model. Moreover, for each fuzzy system a different
algebraic system is considered, the connection of which
with other algebraic systems also remains undefined. This
high degree of uncertainty does not allow reliable use of
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fuzzy logic models which is one of the problems of fuzzy
logics [15].

The choice of fuzzy logics is also conditioned by their
rich internal and external diversity, which allows fuzzy
logics to represent other non-classical logical [3], [9],
[10] models by means of fuzzy logics. The diversity
of fuzzy logical models leads, among other things, to
the diversity of fuzzy logical operations (for example,
such as triangular norms and conorms), the emergence
of their classes and their parameterization within the
corresponding subclasses.

In development of the idea of parameterization of
logical operations, the concept of parameterized fuzzy
logics [6] is proposed.

The two main parametric families of triangular norms
(and corresponding conorms) [14] are: the Frank para-
metric family [12], [13] and the Schweitzer-Sklar para-
metric family.

When constructing interpretations of parametrized
fuzzy logics we can distinguish their following types:
interpretations on algebraic systems, interpretations
on ‘“amorphous’ models, interpretations on concrete
structural-static models.

Interpretations on algebraic systems are largely similar
to traditional fuzzy systems, the general scheme of which
is given in [6], and therefore we will not consider them in
detail in this paper. Further we will consider examples of
interpretations of formulas of parameterized fuzzy logics
on “amorphous” models and on concrete structural-static
models.

II. Interpretation and models of fuzzy logics

As an “amorphous” model, consider a model in which
each fuzzy predicate is matched with a vector quantity
(vector) A, which can be given by some unit (or zero)
vector 14, specifying the direction of this quantity, in
some linear basis of some vector space and a scalar ||A||
in the range from 0 to 1, specifying the length of vector
A. If and only if the length is O or the direction is given



by a zero vector, then the vector quantity is equal to a
zero vector, its length is O, but its direction can be a
non-zero vector.

The fuzzy negation operation in this model reverses
the direction of the vector according to the expression:

—14
and its length according to the expression:
1—{lA]]

The next operation we will consider is the fuzzy con-
junction. It should be noted that the fuzzy conjunction
does not fulfill all the properties characteristic, for ex-
ample, for triangular norms since this conjunction is
parameterized, covering more than one triangular norm.
A parameterized conjunction can naturally cover several
triangular norms in one expression, so the properties
of one triangular norm cannot be extended to such a
conjunction.

To consider the result of the computation of such a
fuzzy conjunction, let us consider 23 cases (variants, see
Table I) of the spatial relation of vectors of a pair of its
arguments (A = 14 x |[|A]| and B = 15 || B||), which
we will later reduce to a smaller number of cases.

Table 1
Variants of relations of parameters of “amorphous” parameterized
fuzzy logic

N [ TTAT=1BI | cos (4, B)
0 0 —1;1
1 0 —1;1
2 (0;1 1

3 (0;1 (0;1)
4 (0;1 (0;1)
5 (0;1 (0;1)
6 (0;1 0

7 (0;1 (—1;1)
8 (0;1 (-1;1)
9 (0;1 (-1;1)
10 (0;1 (-1;1)
11 (0;1 (-1;1)
12 (0;1 (-1;1)
13 (0;1 (-1;1)
14 (0;1 (-1;1)
15 (0;1 (-1;1)
16 (0;1 (-1;1)
17 (0;1 (-1;1)
18 (0;1 (-1;1)
19 (0;1 (-1;1)
20 (0;1 (-1;1)
21 (0;1 (—-1;1)
22 (0;1 (-1;1)
23 (0;1 -1

Due to symmetry (commutativity of the fuzzy con-
junction operation), the number of these cases (variants)
can be reduced to 16 which in turn are reduced to 10
(see Table II) as a result of decomposition. The result
of the initial variant (case) is the arithmetic mean of the
variants (cases) into which it is decomposed.

Table IT
Decomposition of variants of parameter relations of “amorphous”
parameterized fuzzy logic

Symmetry of variants | Decomposition into variants
1 1 0

2 2 5

3 5 6

4 4 7

6 6 8

7 7 1 1
8 11 1 2
9 15 1 3
10 19 1 4
12 12 2 2
13 16 2 3
14 20 2 4
17 17 3 3
18 21 3 4
22 22 4 4
23 23 9

Hypothetically, variants 13 and 16 are impossible.

Let us consider these variants sequentially.

As a result of the operation of fuzzy conjunction of
two arguments (A = 14 * ||A|| and B = 15 || B||), we
must obtain a vector quantity given by two parameters:
a vector and a scalar.

For the Oth variant, the vector coincides with the vector
of a non-zero argument or is calculated by the formula:

(1a+15)/v/(1a+1p)* (14 +15)

For all variants except for the O-th (23rd) we will
calculate the vector by the formula:

(1a+18)/v/(Aa+1p)* (1a+1p)

The proposed formula has the advantage of a more
convenient model for modeling traditional fuzzy logics
but alternative expressions for calculating the vector are
possible:

(A+B)/\/(A+B)*(A+B)

(A+B+14+1p)
VA+B+14+1p)%(A+B+14+15p)
and others.
For two nonzero noncollinear vectors A and B, the
vector Hyp = Axu+ B * v from their common origin

to the intersection of the perpendiculars to their ends can
be expressed:

Ax(Ax(B—A))*B?>+ Bx((A— B)*B) x A
(A% B)® — A2 x B2

Hup =

from
(Axu+B*v—B)*B=(A*xu+Bxv—A)xA=0

ux(A*B)=(1—v)*BxB
{v*(A*B)—(l—u)*A*A



Figure 1. Variant 1 illustration.

u=(Ax(B—A))xB2/((A*B)* — A% x B2
v=((A—B)*B)* A2/ ((Ax B)* — B2 x A2

Let the following:

D = Hyp
D' = Hyp
1o =—1a
1p=Hi, 1,

1py = Hy 1,

Variant 1: The angle between vectors A (vector A’ =
A —14) and B is obtuse (A * B < 0), the perpendicular
to vector A’ intersects the perpendicular to B before B
|[B|| < |[Ar]|/cos ((Ar, B)) (see Fig.1) then the length
of the result 1s equal to the ratio of areas:

(2 ||Dr — A1) = ||1a, — Ar]]) x ctg ((Ar, BY) % ||1a, — A1||/2
(1ar*(Ap, —1a,)+ 1 *(1p, —1B)) /2

Variant 2. The angle between vectors A (vector A’ =
A —14) and B is obtuse (A * B < 0), the perpendicular
to vector A’ intersects B before the perpendicular to it
[|BI| > ||A1]|/cos ((Ar, B))) (see Fig.2) then the length
of the result is equal to the ratio of areas:

112 =147 2 L, 2
i) — (bl — 1BI1) = ctg (A1, B))

2 % (1Al * (1D/ — 1A/) + 1B * (1D/ — 13))/2
Variant 3. The angle between vectors A (vector A’ =
A —14) and B is obtuse (A * B < 0), the perpendicular
to vector A’ intersects the perpendicular to B before B
[|B]| < ||Af]|/cos ({Ar, B)) (see Fig.3) then the length
of the result is equal to the ratio of areas:
||Dr — Al|| % ||Dr — All|| x tg ((Ar, B)) /2
lar*(1ps—14) +1p*(1p, —1p)/2
Variant 4. The angle between vectors A (vector A’ =

A —14) and B is obtuse (A * B < 0), the perpendicular
to vector A’ intersects B before the perpendicular to it
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Figure 2. Variant 2 illustration.

Figure 3. Variant 3 illustration.

[|BI| > ||A1]|/cos ((Al, B))) (see Fig.4) then the length
of the result is equal to the ratio of areas:

|[BI[ * [|B]| = [|A7[| * || A7]] x tg ((Ar, B)) /2
lasx(Ipr—1a)+1p*(1p, —1p) /2

Variant 5. Vectors A and B are co-oriented then the
length of the result is: min ({||A||} U {||BI|}).

Variant 6. The angle between vectors A and B is acute
(A x B > 0), the perpendicular to vector A intersects B
before the perpendicular to it || B|| > ||A||/cos ((A, B))
(see Fig.5) then the length of the result is equal to the

Figure 4. Variant 4 illustration.



Figure 6. Variant 7 illustration.

ratio of areas:
Ax(D—A)/2
(1A*(1D _1A)+1B *(11) —13))/2

Variant 7. The angle between vectors A and B is acute
(Ax B > 0), the perpendicular to vector A intersects the
perpendicular to B before B ||B|| < ||A||/cos ({(A, B))
(see Fig.6) then the length of the result is equal to the
ratio of areas:

(A+B)xD—-A+«A—BxB)/2

(lax(1p—14)+1p*(1p —1p)) /2

Variant 8. Vectors A and B are orthogonal
((A* B =0)A(||]A]| + ||B]| > 0)) (see Fig.7) then the
length of the result is equal to the ratio of areas:
1] = [|BII/1.

Variant 9. Vectors A and B are differently directed,
then the length of the result is equal to:

maz ({0} U{A+ B —1})

Properties of negation:

A=~ (~ A)
0=~1
1=~0

Properties of conjunction:

e zero element
ANO=0
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Figure 7. Variant 8 illustration.

neutral element

ANl = A
o idempotency _
ANA=A
e commutativity
AAB = BAA

non-associativity
- (AR (BAC) = (ARB) AC)
non-monotonicity
- (A< B— AAC < BAC)
monotonicity in direction
ASB - aRc €BAC

Properties of disjunction:

AVB =~ ((~ A)A(~ B))
Properties of implication:
A~> B =((~A)VB)
Properties of a fuzzy measure [16]:
AAB< A
A< AVB

As concrete structural-static models we can consider
finite models or simplicial complexes [1], and also we
can consider their generalizations, for example, as a
residual simplicial complex. Let us consider variants
with simplicial complexes. An important question of such
consideration is the canonical form of the corresponding
simplicial complex.

For simplicial complexes and the corresponding sets
defined by them, the (generalized) operations of union U
and intersection (N are naturally defined.



Each argument of the parameterized fuzzy expression
can be matched with a residual simplicial complex as
one of the parameters. We will also use the notion of
residual simplicial complex to represent the results of
parameterized fuzzy logics.

The residual simplicial complex can be given by
2 xn-simplicial complexes (Cy, Cs, ..., Co,, ) through an
expression of the form:

C1/(C2/(... /C2un))
For a residual simplicial complex the following is true:
Cit1 C Cj
Ciyo € 0C;
(X eCinCiy) =AY (Y €C;/Cii) AN CY NX)
0 C Coun
oc = | J 2¥/{x}
XeC

The height of the residual complex is 2 * n.

We will consider simplicial complexes covering points
of subsets of the set of points of the space spanned by the
universal simplicial complex U whose residual simplicial
complex is (U,0,...,0).

The complement of U/C' of the residual simplicial
complex (C1,Cy, ...,Casy,) will be the height complex
2xm(m < n):

D1 /(D2/(.../Dasm))
with such smallest Ty, Ty (2 < k < n):

U/(U CQ*il/CZ*i> ChhCcU

i=1

n—k+1
Ck—l/( U C2*i—1+k/c2*i+k> CT CCra

=1

D,/ (U D2*i/D2*i+1> =T/ <U TQ*i/TZ*i+1>

i=1 i=1
(m <A@ <n)— (T; =0)

The intersection O = INE of the two residual simpli-
cial complexes I and E (n < m) is the height complex
241l <nx(2xm—n+1):

01/(02/(... /O241))

The tiers of the residual simplicial complex are filled in
according to the tables Table Il (Fy = F1q), Table IV)
in accordance with the order:
The difference O = I/E of the two residual simplicial
complexes I and E (n < m) is the height complex 2 x
(I<n*x(2xm—n+1):

1/E = IA (U]E)
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Table 11T
Computable operations for calculating the intersection of two residual
simplicial complexes

I1 N Eq Is U FE> IsN E; 14U FEy IsN Ey Is U Ey
Is U Fo Is N Esy I> N Esy 14U FEy Is N FEa Is U Ey
11N E3 Is N E> IsNE3 14U FEy, Is N E3 Is U Ey
14U FEy Iy U FEy Iy U FEy I4s N Ey Is.NEy | IgUEy
I1 N E5 Is N E5 IsN E5 IsNEy Is N E5 Is U Ey
Is U Eg Isg U Eg Is U Eg Is U Eg Is U Eg Is U Ey
I N Ey Is N E7 Is N Er Iy N E7 Is N E7 Is U Ey
Is U Eg Is U Eg Is U Eg Is U Eg Is U Eg Is U Ey
I1 N Eyg Is N Ey Is N Ey Iy N Ey Is N Ey Is U Ey
Ig U Eg Is U Ey Is U Ey Is U Ey Is U Ey Is U Ey
Table IV

Sequence (transposed) of computable operations to compute the
intersection of two residual simplicial complexes

(e EelKe)

\O| oo|
—_
S
—_
~
—_
o
(3]
[«
)
=

10 | 10 | 12 | 16 | 18 | 22 | 24

= O W B =
oo O\ B &[N
O O\ | [ W

[\ )
N
[
N
[
N
[\)
N

24 | 24 | 24 | 24 | 24 | 24

The residuum O = I = E of the two residual simplicial
complexes I and E (n < m) will be the height complex
2%l (I <nx(2xm—n+1)):

ISE=U] (I]E)

The union of O = IUE of the two residual simplicial
complexes I and E (n < m) is the height complex 2 [
(<nx2+xm-n+1)):

I0E =U] ((U]I) 7E>

The value of a fuzzy expression (predicate) in para-
metric fuzzy logic can be calculated as the length
hvoly (C), area hvols (C), volume hvols (C) or hyper-
volume hvol gim(cy (C) of a simplicial complex. For
each simplicial complex with a basis in linear vector
space, a minimal covering simplex can be given, and
its dimension dim (C), equal to the dimension of the
maximal simplex in the complex, can also be computed.

If the space is n-dimensional, the value of the fuzzy
expression can be computed:

1 4 2~ 4m(C) (hvoldim(c) () - 2)

For the corresponding fuzzy operations, the properties
of the fuzzy measure will also be fulfilled:

AAB < A
A< AVB

Another kind of non-classical logics [4], [S] are sub-
structural logics in which (structural) properties of de-
ducibility such as monotonicity, contraction (absorption)




and others are violated. These include relevance logics
and connexive logics which find out to justify causal
implicative properties. Analyzing the properties of these
logics involves clarifying the similarities and analogies
of the schemes of these logics with other logics and
models such as argumentation logics [2]. One of the
prospects for further research is to study the connection
of non-classical logics of this kind with the fuzzy models
considered in this paper in the framework of causal and
spatio-temporal relations of the semantic space.

III. Conclusions

Approaches and models to the interpretation of fuzzy
logics are proposed. The proposed models can be used
in the interpretation of fuzzy logic formulas on the basis
of metric meaning space for finite structures in order to
analyze or synthesize schemes of fuzzy logic inference
systems relevant to the structures of ontologies of subject
areas.

References

[1] J.M. Lee. Introduction to Topological Manifolds, Springer, 2011,
452 p.

[2] Finn V. K. Intellektual’nye sistemy i obshchestvo: Sbornik statei
[Intelligent systems and society: Collection of articles], Moscow,
KomKniga, 2006. 352 p.

[3] D.E. Pal’chunov, G.E. Yakh"yaeva Nechetkie logiki i teoriya
nechetkikh modelei [Fuzzy logic and theory of fuzzy models],
Algebra i logika [Algebra and Logic], vol. 54 no.1, 2015, p. 109—
118; Algebra and Logic, vol. 54, no. 1, 2015, p. 74-80.

[4] Plesnevich, G.S. Binarnye modeli znanii [Binary knowledge
models], Trudy Mezhdunarodnykh nauchno-tekhnicheskikh kon-
ferentsii «Intellektual’nye sistemy» (AIS’08) i «Intellektual’ nye
SAPR» (CAD-2008) [Proceedings of the International Scien-
tific and Technical Conferences “Intelligent Systems” (AIS’08)
and "Intelligent CAD" (CAD-2008)]. Nauchnoe izdanie v 4-kh
tomakh [4 volumes], Moscow, Fizmatlit, 2008, vol.2. p. 424, 135-
146 pp.

[5] V.N. Vagin Deduktsiya i obobshchenie v sistemakh prinyatiya
reshenii [Deduction and generalization in decision-making sys-
tems], Moscow, Nauka. Gl. red. fiz.-mat. lit. 1988. 384 p.

[6] V.P. Ivashenko Ontologicheskie struktury i parametrizovannye
mnogoznachnye logiki [Ontological structures and parameterized
multivalued logics], Information Technologies and Systems, 2023,
Minsk, BGUIR, pp. 57-58.

[7] V. Ivashenko Semantic space integration of logical knowledge
representation and knowledge processing models Otkrytye se-
manticheskie tekhnologii proektirovaniya intellektual’nykh sys-
tem [Open semantic technologies for intelligent systems], Minsk,
BGUIR. Minsk, 2023, vol. 7. pp. 95-114.

[8] Ivashenko, V. General-purpose semantic representation language
and semantic space Otkrytye semanticheskie tekhnologii proek-
tirovaniya intellektual’nykh system [Open semantic technologies
for intelligent systems] Minsk, BGUIR, 2022. vol. 6. pp. 41-64.

[9] G. Malinowski, Kleene logic and inference. Bulletin of the Section
of Logic, 2014, vol. 1, no. 43.

[10] D. Maximov, Logika N.A. Vasil’eva i mnogoznachnye logiki
[Vasil’ev Logic and Multi-Valued Logics.] Logical Investigations,
2016, vol. 22. 82-107 pp.

[11] V.P. Ivashenko. Modeli resheniya zadach v intellektual’nykh sis-
temakh. V 2 ch. Ch. 1 : Formal’nye modeli obrabotki informatsii
i parallel’nye modeli resheniya zadach : ucheb.-metod. posobie
[Models for solving problems in intelligent systems. In 2 parts,
Part 1: Formal models of information processing and parallel
models for solving problems: a tutorial] Minsk, BGUIR, 2020.
79 p.

[12] A. Hussain, K. Ullah, M. Khan, T. Senapati, S. Moslem,
Complex T-Spherical Fuzzy Frank Aggregation Operators With
Application in the Assessment of Soil Fertility / IEEE Access,
2023, vol. 11.

[13] E.P. Klement, M. Navara, Propositional Fuzzy Logics Based
on Frank T-Norms: A Comparison // Fuzzy Sets, Logics and
Reasoning about Knowledge 2000, vol. 15. 17-38 pp.

[14] F. Giannini, M. Diligenti, M. Maggini, M. Gori, G. Marra,
T-norms driven loss functions for machine learning. Applied
Intelligence, 2023, vol. 53. 1-15 pp.

[15] G. Heald Issues with reliability of fuzzy logic. Int. J. Trend Sci.
Res. Develop, 2018, vol. 2 no. 6, 829-834 pp. 8, 2018.

[16] Zh. Wang, J. K. George Fuzzy Measure Theory, Plenum Press,
New York, 1991.

[17] V.V. Golenkov. Otkrytyi proekt, napravlennyi na sozdanie
tekhnologii komponentnogo proektirovaniya intellektual’nykh sis-
tem [An open project aimed at creating a technology for the
component design of intelligent systems], Otkrytye semantich-
eskie tekhnologii proektirovaniya intellektual’ nykh system [Open
semantic technologies for intelligent systems], 2013, pp. 55—78.

[18] A.S. Narinyani. NE-faktory: netochnost’ i nedoopredelennost’ —
razlichie i vzaimosvyaz’ [Non-factors: inaccuracy and underde-
termination — difference and interrelation]. Izv RAN (RAS). Ser.
Teoriya i sistemy upravleniya 5, 2000. pp. 44—56.

[19] Yu. Manin, M. Marcolli. Semantic spaces. Published, Location,
2016. 32 p. (arXiv)

[20] D.A. Pospelov. Situatsionnoe upravlenie: teoriya i praktika [Situ-
ational management: theory and practice], Moscow, Nauka, 1986.
288 p.

VUHTEITPAIIIA HEYETKUX CUCTEM 1
NX NIAPAMETPUYECKAA
NHTEPHHPETALIA 1JIA
YHUPUITUPOBAHHOI'O
NPEJICTABJIEHI S 3HAHU

WMBamenko B. I1.

B craTbe paccmarpuBaetcs npodiemMa yCTORUMBO MH-
TepIpeTalyyd HeYETKUX JIoThyeckux moaeneit. [lpennara-
€TCsl MOJAXO/ Ha OCHOBE IapaMeTPU30BAaHHON HEYETKON
JIOTHKH, Tle Kaxzjas Jorudyeckas ¢opmysia KpoMe 3Ha-
YEeHUHA MCTUHHOCTH UMEeT Ha0Op MOJE/IbHBIX MapamMeT-
poB. IlapameTpu3oBaHHbIE HEUYETKAS JIOTUKA MO3BOJISIET
00BEIMHUTD Pa3JIMYHbIe HEUETKUE JIOTUIECKUE CUCTEMBI.
MopenbHble napamMeTpbl UCHIONB3YIOTCS 17151 BHIUMCIICHUS
3HAYEHWIA HEYETKOW MCTUHHOCTH, KaK HEYETKOU MEpHI.
PaccmoTpeHsl MoAen M MOZEIIbHbIE TapaMETpPhl, CBSI3aH-
HBIE C METPUYECKUMHU IIPOCTPAHCTBAMH, COIVIACYEMBIMU C
METPUYECKAM CMBICJIOBBIMU IIPOCTPAHCTBAMHU U SBJISAIO-
1Mecsi OCHOBOW JJisi UHTEPNpEeTallud HEYETKUX JIOTHYe-
CKHX (POPMYJI Ha OHTOJIOTMUECKUX MOJEJISIX.
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