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Abstract. Based on existing experimental data, the flow s occurring in the 
range R e^  < Re < R eK;) o f  Reynolds numbers Re are analyzed. The question is 
investigated: are these flow s Poiseuille flows. The results o f  numerical calculations 
and their comparison with experimental data (for pressure) are graphically shown.
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In the dynamics of a viscous incompressible fluid, laminar flows and turbulent 
flows are distinguished. The former occur at low, the latter at high Reynolds num
bers. In this paper, we will consider the motion of a fluid in a “flat” pipe (flows 
between parallel solid walls) and its motion in a pipe of circular cross-section at 
different Re Reynolds numbers.

The existence of a critical number Re has been experimentally established, 
which has the following property, described below (we will call this number the 
lower critical Reynolds number and denote it by R e^). It defines the stability 
boundary with respect to disturbances of finite intensity. Under the condition 
Re < Re^ no undamped non-stationary motion can exist in the pipe at all. If tur
bulence occurs in  any section, then under the specified condition the turbulent 
region, carried downstream, narrows until it disappears. Under Re < Re^ on the 
contrary, it will expand over time, capturing an ever larger section of the flow. If 
disturbances of the flow continuously occur at the entrance to the pipe, then at a 
value of the number Re^ less than the lower critical value Re < R e ^ , they will 
certainly fade at some distance from the entrance, no matter how strong they are. 
Under the condition Re < Re^ the flow, on the contrary, can become turbulent 
throughout the entire length of the pipe, and for this, the weaker disturbances are 
sufficient, the greater Re [1] .

Repeatedly confirmed experiments have established that in the case of a liquid 
flow in a pipe of circular cross-section, undamped turbulence is observed already
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at a value of Re »1800 (Re^ < 1800), in the case of its flow between parallel 
planes (flow in a “flat” pipe) - starting from a value of Re »1000 (R e^ < 1000)
. With very careful elimination of disturbances at the entrance to the pipe, it is 
possible to maintain a flow that does not turn into turbulence up to very large value 
Re (in fact, it was possible to observe it up to a value of Re » 105) [1, 2] .

Let us conduct a detailed analysis of the experimental results, considering the 
flow in a flat pipe. Let us assume that a viscous incompressible liquid in the pres
ence of a pressure gradient moves in the direction of the axis Oxx between two 
stationary parallel plates (solid walls) located in the planes x2 = ±h . Such a flow 
can be considered as a flow through a cylindrical pipe of rectangular cross-sec
tion, if we imagine that the liquid is also enclosed between two imaginary planes 

= ±0.5 , located at a distance of 1 from each other, along which it slides freely,

(1)

without experiencing frictional resistance (i.e. the pipe is a rectangular parallel
epiped) [3]. Suppose that o f the three components of the velocity vector vu v2, v3 
only Vj ^  0 , and v2 and v3 and and are identically equal to zero, the continuity 
equation is satisfied identically [1]. The Navier-Stokes equations are significantly 
simplified and give a parabola for the velocity v1 in an arbitrary cross-section of 
the pipe x x = c  (0 < c < L, c = const) parabola

h2 dp Vj --------------
2 u dx,

'   ̂ dp _where the pressure p  depends only on the value of x 1 , , ^  -  is the
dynamic viscosity coefficient, L  -  length of the pipe, and the velocity v1 depends 
only on the coordinate x [2]. Formula (1) is obtained under the assumption that 
the pipe is infinitely long. Such an idealization of a real flow implies a finite, but 
sufficiently long, pipe and the position of the section Xj = c , in which formula (1) 
already takes place, sufficiently distant from the pipe entrance .

From the facts obtained in the experiments and listed above, it follows that 
there is a critical number Re (let us denote it Re^ ),at which the flow actually pass
es into a turbulent regime and which may not coincide with Re^ (let us call it Re^ 
the transition critical Reynolds number). Indeed, Re^ < 103 and 
and for a flat pipe and a pipe of circular cross-section, respectively, and Re^ » 105 
with very careful elimination of disturbances at the pipe entrance and sufficiently 
smooth solid walls. This means that there are flows determined by inequalities 
R e^ < Re < R e ^ , which are not turbulent. Such flows are called laminar in [1] 
(however, it is indicated that in the interval between values Re^ and Re^ laminar 
flow is metastable) and they are also called “stretched laminar” in [2]. Let us ask 
ourselves the question: are these latter flows described by formula (1)? To answer 
it, we will carry out the following chain of reasoning, taking into account the fact 
that the motion of a viscous fluid is considered, and the presence of viscosity
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(internal friction) leads to dissipation (scattering) of energy [1, 2]. Recall that a 
detailed analysis of the experimental results is carried out for flows in a flat pipe.

To carry out our reasoning, we will obtain the necessary relationships under 
the assumption that the analyzed flows are described by formula (1). We find

1 h1 dp 
2 Lh 2/1 dxl

h2 dp 
3 p  dxl

R e  =
2  ph dp

dxx 2)M 9 3/i
It is also known that if  we find the time derivative of the total kinetic energy of 

a liquid and then integrate it over a certain volume, V, we get
d_
8 ti

pv_
2

^ \ ^ - d V  = - \ pv
( 2 > 
-  + - \ - (v ,cr ')

I 2 PJ
d f - H ^ d v

dx.
(3)

where p  -  density of liquid, -  viscous stress tensor, f l - - W  -  integral over 
the surface of the volume V, the second term on the right-hand side (taken with 
the opposite sign) represents the decrease in kinetic energy per unit time due to 
dissipation. If we extend the integration over the entire volume of the liquid, then 
the integral over the surface disappears (it vanishes due to the condition that the 
velocity on the wall is zero). From this follows the formula for energy dissipation 
in an incompressible liquid

X N 0.

(4)EL = - E \ ' 7 J
8v, dvt

d V .

Dissipation leads to a decrease in kinetic energy, i.e. there must be E ’̂  < 0. In 
the formula (4) -  total kinetic energy of an incompressible fluid in its entire
volume V, E '^  -  the derivative of this energy with respect to time, the integration 
is performed over the entire volume V  [1]. The first term in square brackets (the 
right side of (3)) is the energy flow associated with the simple transfer of the mass 
of the liquid during its movement, coinciding with the energy flow in an ideal 
liquid. The second term (v ,a ')  is the energy flow associated with internal friction 
processes. Since we are interested in the influence of only viscous forces on the 
nature of the flow, we leave only the second term for consideration and consider 
the integral over the surface for the flow (1) (in (v ,&') only the term of the form 
remains v, • v,' ).1 1*2 0.5

The integral over the lateral surface is equal to I r = ^d x^v^-v '^d l, where
-0.5 T

r  -  a closed contour that is a rectangle in a plane *3 = 0 with sides lying on the 
lateral faces of the parallelepiped. Passing the contour in the chosen direction, 
taking into account that on a solid wall v l = 0 and the integrand does not depend 
on * 1, let’s find out

h - h h - h

+ Jv, v[x dx1 =  J V ; ^ +  J V i ^ = 0
- h Xi=L h * i= o  -ft * 1 = C  A X j= C

The upper and lower faces are considered in the same way as the lateral faces. 
Let us turn to .
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Having found the derivative and integrating over volume, we obtain

In order to be able to compare disturbances and to give a more definite mean
ing to the words «weak» and «strong» disturbances, we introduce the term «dis
turbance force» F. Let us return to the question: are the flows defined by the ine
qualities Re^ < Re < Re,,,, described by formula (1), and assume that the answer is 
positive. Let us take two values Re^Re-j (Re! < Re2) from the interval (Re^,Re„,). 
More precisely, let p ,h , u, L and be fixed Re^ -  the number Re, at which, in a giv
en pipe, when a given fluid moves, the flow actually passes into a turbulent regime 
(Re*„ -  the transition critical number). In addition, let Re! =Re^+0.1-(Re,,p-Re;,p), 
and . Let us begin our consideration with the num
ber and will disturb the flow occurring at this number Re, gradually increas
ing the disturbance force until we reach a force that will make the flow turbulent 
throughout the pipe . It follows from the above that such a force exists. This means 
that there is a maximum value F (1) of the disturbance force at which our flow
(Re = Re,) is not yet turbulent, but an insignificant increase in this value leads to 
turbulence. The flow at number Re = Rei, we will call flow 1.

Let the flow occur at number Re = Re2 (we will call it flow 2). We will now 
disturb this flow, gradually increasing the force of disturbance until we reach such 
a force that will make the flow turbulent throughout the entire length of the pipe 
(such a force exists). There is a minimum value F ^  o f the force of disturbance at 
which the flow (Re = Re2) is turbulent, but a slight decrease in this value leads to 
the disappearance of turbulence.

It follows from the above that F ^l < F (1). On the other hand, . Themin  m ax 2 1

latter means that the dissipation of the fluid energy at Re2 is greater (in absolute 
value) than at Re, (see. (2) and (5)). The dissipation (scattering) of the mechanical 
energy occurs due to that part o f the work of the internal forces that is determined 
by viscosity [2]. It is the presence of viscosity that leads to the dissipation of the 
energy of turbulent pulsations, and the greater the dissipation (in absolute value), 
the sooner these pulsations will disappear. But it is greater at number Re2 and, 
therefore, the pulsations should disappear sooner in flow 2, especially since in this 
flow they are weaker (since F ^  < Fmj)), but, as we can see, flow 2 is turbulent, 
while flow 1 is not. We have come to the conclusion that weaker pulsations are 
not suppressed by greater dissipation, while stronger pulsations are suppressed by 
lesser (in absolute value) dissipation. This conclusion contradicts the experimental 
data, and we came to it by assuming that the answer to the question posed above is 
positive. Thus, the flow under the condition Re^  < Re < Re,,, is not a flow (1). Such 
a flow is called a rod flow. A strict definition of a rod flow is given in [4].
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Thus, we consider the motion of a viscous incompressible fluid in a «flat» pipe 
(flows between parallel solid walls) at different Reynolds numbers Re.

Let us call the condition Re < Re^ condition 1, and the condition Re^ < Re < Re^ 
-  condition 2, and deal with the question of the transverse velocity profile v 2 . The 
existence of a rod flow, which occurs when condition 2 is satisfied and which is 
not described by the formula

h1 dp f  x:
(1)

In (1) the pressure p  depends only on the value of x1, , u  -  the

viscosity coefficient, v1, v2, v3 -  the components of the velocity vector, v1 *  0 , 
and v2 and v3 are identically equal to zero, 2h -  is the distance between the solid 
walls o f the «flat» pipe located in the planes x2 = ± h  .

To solve the question of the existence of a rod flow, the «integral approach» 
was sufficient. Above, we considered the dissipation of energy E ^ , expressed 
by the integral equality (see (4)), in which the integration was performed over the 
entire volume of the liquid. It follows that the viscous forces existing in a rod flow 
and taken over the entire volume of the liquid, i.e. in the «integral sense» («inte
gral approach»), are less than they would be if the flow at a number Re, satisfying 
condition 2 were a flow (1). In the question of the transverse velocity profile in a 
rod flow, a more subtle differentiated approach will be required.

Thus, the flow under condition 2 is not a flow (1). The assumption that the 
components v 2 and v 3 and are identically equal to zero leads to formula (1). 
Since v3 Since cannot be different from zero, we come to the conclusion: the 
assumption that the transverse component of the velocity (hereinafter the velocity 
component is called the velocity) v 2 is identically equal to zero is confirmed by 
experiment for flows occurring under condition 1, and contradicts it in the case of 
condition 2 (we assume that the fluid motion is described by the Navier-Stokes 
equations). Consequently, the transition of the number Re (as it increases) through 
the value R e^ leads to the appearance of a non-zero transverse velocity and, 
therefore, to the appearance of a non-zero partial derivative dv2, since v2 |x =± h = 0 .

v  dv dx2 dv X2 ±
But then, by virtue of the continuity equation —1+—^ = 0 , and —1 * 0 .

dx1 dx2 dx1
The boundary conditions v2| x =± h = 0 express the fact that the liquid cannot 

penetrate behind the solid surface. Note that in the case of the motion of an ideal 
liquid, the boundary conditions to the corresponding equations (Euler’s equations) 
require that only the velocity vanish on the solid walls of the pipe v2 . In the case 
of the motion of a viscous liquid, these conditions, already to the Navier-Stokes 
equations, require that both the velocity v2 , and the velocity be zero v1. This addi
tional requirement is related to the fact (see [1]) that between the surface of a solid
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and a viscous liquid there always exist forces of molecular adhesion (a property of 
viscosity), leading to the fact that the layer of liquid adjacent to the solid wall is 
completely retained, as if  adhering to it (the adhesion condition). Note also that the 
solutions of the Euler equations cannot satisfy the extra (compared to the case of 
an ideal liquid) boundary condition of the velocity vanishing v1 . Mathematically, 
this is due to the lower (first) order of these equations in coordinate derivatives 
than the order (second) of the Navier-Stokes equations.

Due to the above, the layers of liquid adjacent to the layer adjacent to the solid 
wall are also delayed (not completely), due to viscosity (internal friction). This 
leads to the braking of these layers (a decrease in the velocity v1 in the direc
tion x1 near the solid wall). It follows that (in a rod flow) near the solid walls, 
the partial derivative < 0 (it was noted above that it is not equal to zero). But

dx1
then, due to the same continuity equation, i h .+ =  0 , we obtain (near the solid 

dv dx1 dx2

walls) dX2  > 0 . Since the coordinate axis Ox2 (point O -  the origin of the coordi
nate system) is directed from the wall x2 = -h  (left wall) to the wall x2 = h (right 
wall) and, obviously, v2 |x =0 = 0 , then at -  h < x 2 < 0 the velocity v > , and at 
0 < x2 < h v2 is less than zero. This implies the profile o f the transverse velocity 
v2, which is a graph of some continuous function f  (x2) (a function of one variable 
x2 for fixed values of the variables x1 = cl , x3 = c3, where 0 < c1 < L , - 0.5 < c3 < 0.5 
) . The values of function f  (x2) while changing x 2 from value -  h to value h : 
first increase from zero ( ( f  ( -h )  = 0) to some maximum value f max = f  (-b )  > 0 
(on this section ^  > 0 ), then decrease from f max to f min = f  (b) < 0 , while

dX2 dv2 max min

to zero (f  (h) = 0) ( ^  > 0 ). Points x2 = ±b  -  extremum function points f  (X2)

passing through the zero value (on this section < 0), then again increase f m
(dvi
dx2

To clarify the velocity profile v2 and finding its dependance on the number Re 
letls define, if it is possible more precisely finding the points x2 = ±b in the in
terval ( -h ,  h ) at different Re. Let us turn to (1) (it is true under the condition 1). 
Firstly note that the number Re, in case of flow (1), is defined by equality (see. 
equality (2))

(2)3// clXf
Now, in order to establish the general form of the viscous stress tensor, , we 

will use the considerations described in [1]. Without repeating them and assuming 
the fluid to be incompressible (in this case the tensor takes a simple form), we will
immediately write the tensor cr'jk in an incompressible fluid (see [1]):

(6)r 8vt dvk N---—h L
dxk dxt j
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If the the flow occurs (1), then in (6) only velocity exists v1 (the rest is equal to 
zero). This velocity depends only on the axis *2 . Therefore, from all derivatives
of the formula (6) non-zero will only be dvL ,which stop to be private derivative

d\f c*2and then is deisgnated as . So, the viscous stress (the viscous force acting
dx2

on a unit area), which we will denote t  , in case of flow (1), it will take the 
form (see. as well [5]) . Taking into account (1) we get the equalities

, . Since the axis *2 changes the sign
dx2 f i  dx, 2 d Cj J
( -  h < x2 < h ), and we will be interested in the absolute value of viscous stress,
then below we will refer to the equality

(7)

In the further discussions we thing that p  = p 0, x  = x 0, h = h0 are the fixed 
values of parameters of the flow and it means (see. (2)) value Re can be increased 

dp 
dx1

which is more and at

only during increasing

кр

. Пусть is the value Re,

which the flow is already core. We note that under the 
condition Re < Re^ we have v2 = 0. With Re increasing (within Re < R e ^ ) mod
ule |r(x2) increases (at all *2 : -  h < x 2 < h , despite the value *2 = 0 ), moreover
IT takes its greatest values near solid walls (see (2) and (7)). When v 2
is not equal to zero. So, on the one hand, |r |, by increasing, reached values |r( *2)| * 
, enough for existing and * . On the other hand, the viscous stress

dx
existing in the rod flow in the “integral sense” is less than it would be if  the flow 
were at a number Re = Re* the flow(1) . From the last two seemingly contradicto
ry sentences it follows that |r(  x2) |* has values sufficient in magnitude for the ex
istence of a core flow only in a sufficiently small part (more precisely, in two parts)
of the entire volume of liquid, in which —  > 0 ( -  h < x  < - b  and b < x  < h ).

ox~ 2 22 ÔV,In the rest, the greater part o f the entire volume (where — 2 < 0 ), the value T( x2)
dx2

is small and the viscous stress in it cannot suppress sufficiently strong disturbances 
(we will call this part the flow core).

Experiments show that with very careful elimination of disturbances at the 
entrance to the pipe and its sufficiently smooth (internal) walls, the flow in it does 
not go into a turbulent regime until Re « 1 0 5 [1,2]. In these experiments, the caus
es of flow disturbances are the roughness of the pipe walls and the unevenness of 
its edge at the inlet (i.e., both occur at x 2 = ± h  ) . For the flow to transition to a 
turbulent regime, the weaker the disturbances, the greater Re [1]. From the above 
considerations and the facts of this paragraph it is easy to conclude that with in
creasing Re (if condition 2 is met) the flow rod will expand. This means that the
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point x2 = - b  will move to the left wall, and the point x2 = b -  to the right. This 
is exactly what the experimental data confirms.

Below are the graphic results of calculations performed by the numerical meth
od of work [6] (there are also the indicated results there). The graphs fully confirm 
the above reasoning (the coordinates designated in the article x x , x 2 , x , y  are 
indicated at the picture, and velocity components v ^  -  u , v ).

Figure 1. Distribution o f  transverse velocities across the pipe vidth

■h 0  h y

Figure 2. Distribution o f  longitudinal velocity across the width o f  the pipe: 
curve 1 -  section at the pipe inlet, curve 2 -  at a distance from  the inlet
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Fig. 1 shows the distribution of the transverse velocity component u2 in the 
direction of the coordinate x2 in the pipe section x1 = c (0 < c  < L ) . At x2 = ±h  
velocity u2 = 0 (adhesion conditions), when x2 = 0 velocity u2 = 0 (symmetry 
condition), when x2 = ±b velocity u2 reaches the biggest value (at absolute val
ue).

Fig. 2 shows the distribution of the longitudinal velocity component. u 1 in the 
direction of the coordinate x2 in two sections of the pipe x1 = c1 (curve 1) and 
x1 = c2 (curve 2), where 0 < 1 < c2 < L  . The figure shows that when moving down
stream (in the direction of the coordinate x1) the boundary layer expands and the 
flow core narrows. du

The region of the flow in which — 2 < 0(-b < x2 < b), is called the core
dx2

of the flow, and the flow itself, where the transverse velocity has the profile 
shown in Figure 1, is called the core flow. The regions of the flow in which
du

> 0(-h  < x2 < -b ,b < x2 < h ) , are called the flow shell (the names encountered 
earlier are shown in the figure).
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Fig. 3 shows the pressure distributions along the pipe length obtained as a 
result of experimental measurements and calculations using the numerical method 
indicated above: the upper figure corresponds to the value Re=10,000, the lower 
figure -  Re=30,000; the dashed line is the experiment, the solid line is the calcula
tion.

The graphs represent the relative (dimensionless) excess pressure in re
lation to atmospheric pressure. Calculations and comparison of their results 
with experimental data were carried out in a wide range of Reynolds numbers 
(8000 < Re <30000).

Comparison of numerical calculations with experimental data showed that the 
calculated values are fully confirmed by the experimental data. The proposed nu
merical method can be used to calculate rod flows in the range of Reynolds num
bers 103 < Re < 105, i.e. flows that take place in reality [2]. These flows, which are 
no longer Poiseuille and have not yet become turbulent, occupy an intermediate 
position between the two. As noted in [7], the corresponding differential problem 
in its classical formulation can be overdetermined. The difficulties associated with 
this situation are overcome by applying the mathematical model presented in [6] 
to the calculation of rod flows. The issues of solvability of the equations of rod 
flow and the Navier-Stokes equations are considered in [4] and [8]-[10].
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