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This article is devoted to the development of the experiment design theory. The new so called I-optimality criterion 
is substantiated and I-optimal design is developed which do not inferior to the known designs in the sense of 
known-optimality and has no restrictions on the number of the observations.

In t r o d u c t io n

The optim al designs o f experiment use widely 
for identification o f the subjected control objects in 
many technical and technological systems and pro­
cesses [1]. This implies the further development o f 
the theory in this area. We will consider the regres­
sion experiment for the affine multiple regression.

It is now traditionally accepted to  represent 
the mathematical model of the observations for the 
affine multiple regression function in the following 
form  [2]:

Vo,i — 0* +  x J ©  +  ei 1, 2,

or

Vo H i © i +  6i 1, 2,

, n, m + 1  <  n,

m + 1  <  n, (1)

where x T — (x i,i, x i,2, . . . ,  xi,m) G E m , i — 
1,2, . . . , n , ,  are input vector variables, so called 
factors, © T — (0^ 02, . . . ,  0m), © T — [0*, © T] is 
the vector-rows o f the unknown coefficients, H T — 
[1, x T] G E m+i is the vectors of the basis functions, 
ei are uncorrelated random  errors with zero mean 
value and variation a 2 , yo,i is observed values o f  
the output variable, n is the size o f the sample. The 
factors x i,j are subjected  to the constraints in the

Y  — F  © 1 +  E ,

where

F —

1 x i,i  ••• x i,m ^ (  Vo,i \
1 x2,i ••• x 2 ,m Vo,2

, Y  —

1 x „ i • • • x n,m Vo,n

/  ei \ (  0* \
£2 0i

E  — , © i — ,

\ en J 0m

The vector ©  1 of the LSE-estimations o f the vector 
© 1 is defined by the expression

©  i — (F T F  ) - 1 F  T Y,

and the covariance m atrix o f  the estim ation (2 )  is 
defined by the following expression [2]:

Vq i — a 2(F T F  ) - 1 .

The set of the points x T — (x i ,1, x i ,2, ..., x i ,m) G E m, 
i — 1,2, ...,n , is called a design o f  the experiment 
and is denoted £m (n ). T he design £m(n) is repre­
sented in the form of the following (n x m )-m atrix:

Cm(n) —

x i,i 
x 2,i

x i,2
x 2,2

x i,
x 2,

\ x n,i x n,2

\

/

(3)

form  - 1  <  x i,j <  1. Such factors are called normal­
ized. The expression (1) can be written also in the 
vector-m atrix form  as

The number of the rows of the matrix £m(n) (3) not 
less than the number o f  the columns. T he m atrix 
A  — F T F  is called the information matrix of the de­
sign £m (n) [2]. The inverse matrix A -1  — (F T F ) -1  
is called the covariance matrix o f the design £m(n). 
T he task o f  the optim al experiment designing con­
sists o f  the finding the design £m(n) satisfying the 
given constraints and optimal in some sense.

There are a number o f  optim ality criteria for 
the designs [2]. A  wide set o f  the optim al designs 
there exists, but they have the constraints on the 
numbers o f  the experim ents (points). It is desir­
able that the researcher has the com plete freedom 
in choosing the number of the experiments.

W e introduce in this work the new optim ality 
criterion which allows us to develop the designs for 
arbitrary number o f observations.

I. T he m o d e l  o f  th e  observation s  a n d  th e  
I -o p t im a l  design

W e will consider the observations m odel for 
the affine multiple regression function in opposition 
to the model (1) in the following form:

Vo,

where

0 o + (x i —x) © + e i , i — 1, 2, ...,n , m + 1  <  n,
(4)

(x i, 1, x i,2, ..., x i,m) G E  , yo,i,0 O,e i G
R, © T — (01, 02, ...,0m ) G E m

—T 1 Tx — — > xin i (x 1, x 2, ..., x m),

0o, © are unknown coefficients o f the regression func- 
(2) tion, ei is the uncorrelated random  error with zero

x
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mean value and variation a 2 , x i is the point o f the 
experiment, n is the size o f the sample (the number 
o f the experiments, the number o f the design points, 
the number o f  runs), yo,i is the observed value o f 
the output variable. T he LSE-estimations в0, ©  o f 
the coefficients в0, ©  are defined by the expressions

во =  (J2y Q /n  =  y , ©  =  , (5)

where

Mxx =  -  ^ 2 (x i  -  x )(x i -  x )T ,
i= 1

1 n
Mxy ^  (̂x i x )y o,i.

^  - 1i= 1
If we denote xi =  xi — x  the centered vector xi 
yi =  yo,i — У the centered observation yo,i,

£m (n)

 ̂ x 1,1 x 1 x 1,2 x 2 • • • x 1,m x m ^
x 2,1 x 1 x 2,2 x 2 • • • x 2,m x m

\ x n,1 — x 1 x n,2 — x 2 ••

the centered design £m(n ), then 

1 •
n

_ 'У*n.m, m /

V. =  - ,a° n

^2
^сэ =  №.э  n

-1
хх.

1 -1  n

tr(P xx) =  n  ^2 ^2 
i= 1 j= i+ 1

||xi — x j  ||2-

a maximum for the function tr (^ xx) (8 ), or for the 
function I  =  n 2tr(№xx) :

n-1  n 

1 =  ^  ^  ||xi — x j ||2-
i=1 j=i+1

(9)

provided the points o f  the design are pairwise dis­
tinct, do not lie on  the same linear variety in E m , 
satisfy the constrains

a <  x i <  b, i 1, 2,

г) € E ma =  (a 1, a2, ..., am) € E m, b =  (bb  b2, ..., bm) 
and the number o f the points n >  m +  1.

As a result, we propose the following formalized 
algorithm for synthesis o f the -optim al design.

Let k be the remainder o f  dividing n by 4. If 
n <  4 (m  <  n — 1 =  3), then the saturated non­
singular design Sm (m  +  1) ( 10) below  augmented 
with n — m — 1 points in accordance with criterion 
I-optim ality (9) is used:

(6)
S m (m + 1 ) =

Mxx £m (n)£m (n ), Mxy (n )y , (7)

(  b1 b2 • • • bm \
b1 a2 • • • am

\ a 1 a2 • • • bm /

=  (s i ,j), (10)

and the expression (5) for the estim ation ©  takes 
the following form:

© =  (em (n )^m(n ) ) -1 ^m(n)y
by analogy with the expression (2 ).

We will call the matrix (5) (or (7 )) the informa­
tion matrix of the centered design (6) (or of the de­
sign £m (n) (3 )). The variation Vg of the estimation 
в0 and the covariance m atrix V§ o f the estimation 
©  are defined by the following expressions [3]:

s 1,j =  b j, i = 1 ,  j  =  1, 2 ,..., m,

i,j
j = i — 1 
j  =  i — 1

, i =  2, 3 ,..., m +  1.

T he estim ations в0 and ©  are uncorrelated [3], in 
opposite to the coefficients o f the traditional model 
(1 ), what is the advantage of the model (4) .

W e will call the design £m (n) (? ? )  I-optim al 
if it provides the maximal value o f the trace o f the 
inform ation m atrix ^ xx. It is can to show that the 
trace o f  the inform ation m atrix ^ xx is represented 
in the following form:

(8)

The problem of building o f I-optim al design is formu­
lated as follow: find the design £m(n) (3 ), providing

If n >  4, then provided n — k >  m +  1 
and n — k =  o m od 4 the P lackett-B urm an de­
sign P B m (n — k) is used [4], otherwise the design 
Sm (m  +  1) (10) augmented with n — m — 1 points in 
accordance with criterion I  -optim ality (9) is used.
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