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Abstract—This paper investigates the nonrelativistic approximation in the first-order 39-component
theory for a spin-3/2 particle in curved spacetime under external electromagnetic fields. Starting from
the generally covariant matrix equations, generalized via the Weyl-Fock-Ivanenko tetrad method, we
employ explicit forms of the four main  matrices of dimension  within the corresponding first-
order system. The analysis is carried out for spacetime metrics that permit the existence of nonrelativistic
equations. To separate the large and small components of the complete wave function, three projective
operators are constructed from the fourth-order minimal polynomial of the  matrix. The explicit
forms of these components are obtained, and the set of independent variables is identified; in particular,
only four large components are independent. Following the standard procedure, we derive the nonrela-
tivistic system of equations for a 4-component wave function. The resulting Hamiltonian includes con-
tributions from the electromagnetic field and additional geometric terms expressed through the Ricci
rotation coefficients, Ricci scalar R and Ricci tensor . We also isolate the term describing the interac-
tion between the magnetic moment of the spin-3/2 particle and the external magnetic field. This inter-
action term is expressed via the spin matrices  and the components of the magnetic field vector B.

Keywords: spin-3/2 particle, non-relativistic approximation, projective operators, electromagnetic
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1. INTRODUCTION
Following the seminal investigations of Pauli–Fierz [1, 2] and Rarita–Schwinger [3], the theory of particles

with spin S = 3/2 has been developed extensively in the scientific literature [4–14]. More recently [15–17], for
a spin-3/2 particle in the presence of external magnetic and Coulomb fields, exact solutions have been
obtained and the corresponding energy spectra determined. These results were derived from systems of
16 equations in polar and radial coordinates, obtained by separation of variables. However, to our knowledge,
the explicit form of the corresponding nonrelativistic Hamiltonians has not been presented.

In this paper, we address this gap by deriving a Pauli-like equation for a spin-3/2 particle in the presence
of both arbitrary electromagnetic fields and a general spacetime background that admits nonrelativistic quan-
tum-mechanical equations – that is, we determine the explicit form of the corresponding nonrelativistic
Hamiltonian. To verify the correctness and practical applicability of the derived Hamiltonian, we present its
form for a particular case: a spin-3/2 particle in a uniform magnetic field, where the result agrees with [15, 16].

The general form of the nonrelativistic Hamiltonian can, in principle, be established explicitly for any
external electromagnetic field and any spacetime background of the relevant structure. This approach can
also be extended to spin-2 particles. In that case, the analysis becomes more complex, as one must begin
with the system of 39 first-order equations formulated by Fedorov [18] and Regge [19]. Nevertheless, the
overall logic of the derivation remains the same as for the spin-3/2 case.

The theoretical interest in the nonrelativistic description of higher-spin particles is reinforced by prac-
tical considerations, as spin-3/2 and spin-2 particles are experimentally observable as resonances.

2. THE BASIC EQUATION
The generally covariant equation for a spin-3/2 particle [1–4] takes the form
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and can equivalently be written in the local tetrad form as

(2)

where the generalized derivatives are defined as

(3)

3. LARGE AND SMALL NON-RELATIVISTIC COMPONENTS
The wave function can be represented as a matrix, where the first index  corresponds to the bispinor

component and the second index  to the 4-vector component:

(4)

We will represent the complete  as a 16-dimensional column vector.
It is convenient to write the main equation in the matrix form:

(5)

Following the standard approach, the large and small components in the non-relativistic limit are
determined by projective operators constructed from the matrix . This matrix  satisfies the minimal
fourth-order equation:

(6)

Accordingly, there are three projective operators (given here in explicit form):

(7)

which possess the standard properties of orthogonality and completeness:
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We thus obtain three projective components, each containing a certain number of independent variables:
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(11)

(12)

While performing the non-relativistic approximation, we treat  as the large component, and  and
 as small components:   In total, we have the following 20 variables:

(13)

There exist relations (constraints) between the large and small components, which make it possible to
express some of the variables in terms of others:
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(18)

the four independent variables  can be expressed in terms of the 12 auxiliary -variables. This
makes it possible to construct a closed system for the independent large components.

4. THE NON-RELATIVISTIC APPROXIMATION
The non-relativistic approximation is possible only in space–time models with the following structure:

(19)

For these space models, only four connections differ from zero:

(20)

and the contribution of three generators  is absent.
The basic matrix equation in the non-relativistic metric for a spin-3/2 particle has the form:

(21)

where
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(24)
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In this equation, the terms can be distinguished according to their physical meaning: some account for
the dynamics in the electromagnetic field, while others correspond to geometric effects associated with
the Ricci coefficients. For the 12 Ricci coefficients required in the subsequent derivations, it is convenient
to introduce the following special notations:

(26)

In the basic equation (21) one can distinguish two parts:
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where
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After performing the necessary calculations, and taking into account the decomposition of all components
into large and small parts, we obtain 16 rather complicated equations; these will not be reproduced here.

It is known that, when performing the non-relativistic approximation, we assign the following orders
of smallness to the relevant quantities:
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In what follows, we will need only the equations of orders  and . Taking this into account, we sep-
arate the system into equations of order  and equations of order .

The equations of order  allow us to express the small components (of order ) through the deriva-
tives  and  acting on the large components , as well as through the Ricci coefficients. Sub-

stituting these small components into the equations of order , we obtain six equations for the four inde-
pendent large variables . These equations contain terms of the form , with .
It can be shown that only four of these equations are independent. In what follows, we will work with this
reduced set. Since they are still quite complicated, we temporarily remove all terms containing the Ricci
rotation coefficients–effectively returning to the case of Cartesian coordinates in Minkowski space.

Further, we transform this system of four equations to a new set of variables:

(34)
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where “…” denotes the omitted terms. This system may be written in the compact matrix form:
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Performing similar calculations but now retaining all terms involving the Ricci coefficients, we arrive
at a more complicated system of four equations, which can be written in matrix form as

(44)

The matrices , , ,  and , ,  depend linearly on nine Ricci coefficients; the matrix 
depends on products of Ricci coefficients .

It turns out that all these matrices can be decomposed into linear combinations of nine independent
 basic elements (spin matrices and their products):

(45)

and similar decompositions also hold for the matrices  and .
Thus, in the nonrelativistic Hamiltonian, additional geometrical terms arise that depend on the Ricci

rotation coefficients , the Ricci scalar , and the tetrad components of the Ricci tensor:
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5. EXAMPLE: THE PARTICLE IN THE ELECTRIC AND MAGNETIC FIELDS

Using cylindrical coordinates , we consider the case of uniform electric and magnetic
fields:
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The involved matrices are

(54)

(55)

This structure shows that, in the cylindrical basis, the non-relativistic equation consists of four uncou-
pled equations of similar form, so the Hamiltonian takes a particularly simple form.

5. CONCLUSIONS
The goal of the present paper was to develop a procedure for performing the non-relativistic approxi-

mation in the first-order 39-component theory for a spin-3/2 particle in curved space-time, in the pres-
ence of external electromagnetic fields.

To distinguish the large and small constituents in the complete wave function, we used three projective
operators constructed on the basis of the minimal polynomial of fourth order for the matrix . The
relevant large and small components were found in explicit form. Among these, we identified the inde-
pendent variables; in particular, among the large components there are only four independent ones.

Following the standard procedure, we derived the non-relativistic system of equations for a 4-component
wave function. The corresponding Hamiltonian depends on the electromagnetic field, while additional geo-
metrical terms are determined by the Ricci rotation coefficients (these terms are expressed through the Ricci
scalar  and the Ricci tensor  in tetrad form). The term describing the interaction of the magnetic
moment of the spin-3/2 particle with the external magnetic field was identified separately; this additional
term was constructed using the spin matrices  and the components of the magnetic field B.
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