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Parametric instability of plasma waves in graphene excited by a high-frequency electric field
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The system of Vlasov equations for electrons with a linear Dirac spectrum is solved, and a dispersion equation
is derived that describes the influence of a uniform high-frequency electric field on the spectrum and damping

rate of two-dimensional terahertz (THz) plasmons in single-layer doped graphene. Our analysis demonstrates
that a THz electric field of several tens of kV/cm, applied parallel to the graphene plane, can induce parametric
instability of the long-wavelength two-dimensional plasmons. This parametric instability arises from the resonant
coupling of plasmon modes, which occurs in a high-frequency electric field due to third-order electrodynamic

nonlinearity.
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I. INTRODUCTION

Graphene is a single-atom layer of carbon atoms in a
hexagonal lattice. This material exhibits a number of unusual
electronic properties arising from its specific band structure:
the absence of a band gap and a linear massless dispersion
law for electrons and holes near the Dirac points [1]. One
of the remarkable features of graphene, resulting from its
electronic spectrum, is its strong nonlinear electromagnetic
response over a wide frequency range, which can significantly
exceed the nonlinearity of conventional materials with a stan-
dard (parabolic) dispersion law of current carriers [2—13].
Graphene is also known to support weakly damped two-
dimensional (2D) plasmon modes, the parameters of which
can be tuned by doping or electrical gating. This tunabil-
ity, combined with large nonlinear susceptibilities, makes
graphene a very promising material for practical applications
in optoelectronics, photonics, and plasmonics [14-21].

Recently, considerable attention has been given to the study
of nonlinear properties of doped single-layer graphene in the
terahertz (THz) spectral region, when the nonlinear electro-
magnetic response is caused mainly by intraband electron
transitions. Two main mechanisms leading to anomalously
large values of nonlinear susceptibilities were considered. The
first mechanism is of a dynamic nature: the nonlinear depen-
dence of the current on the THz field arises due to the linear
electron dispersion law, which leads to a nonlinear depen-
dence of the electron velocity on the momentum [5-11]. It is
worth noting that a similar mechanism of optical nonlinearity
occurs in narrow-band semiconductors with a nonparabolic
energy spectrum [22,23]. The second mechanism of nonlinear
electrical conductivity at THz frequencies is caused by the
heating of electrons in a THz electric field and their ultrafast
thermalization, which occurs in graphene in a time (~100 fs),
significantly shorter than the characteristic time of change of
the THz field [24-26].
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The pronounced nonlinear electrodynamics response of
graphene enables the conversion of free-space electromag-
netic radiation into 2D plasmons. Previous studies [27,28]
have demonstrated that 2D plasmons can be efficiently gen-
erated through the second-order nonlinear frequency wave
mixing. A generation mechanism consisting of parametric de-
cay of an incident photon into a photon with a lower frequency
and a 2D plasmon was also considered [29]. Both of these
effects are caused by the second-order nonlinearity and arise
in graphene only when spatial dispersion is taken into account.
It has recently been shown that Floquet engineering of the
band structure of gapped Dirac materials in an electromag-
netic wave periodically modulated in amplitude can lead to
the parametric instability of plasmons [30].

In the present paper, the possibility of parametric excitation
of 2D plasma waves in graphene subjected to a uniform high-
frequency electric field is theoretically studied. In this case the
parametric instability responsible for the plasmon generation
stems from the third-order nonlinearity inherent to graphene
due to the linear energy spectrum of charge carriers. Our
analysis reveals that, in the second order in the electric field
amplitude, the parametric instability of 2D plasmons emerges
when the frequency of the applied field is close to the plasmon
frequency. It should be emphasized that the effect under con-
sideration is due to third-order nonlinearity, as the nonlinear
response leading to the parametric instability is quadratic in
the amplitude of the high-frequency field and linear in the
electric field of the plasma wave. From a quantum-mechanical
perspective, this process can be interpreted as the conversion
of two photons into a pair of terahertz plasmons having the
same frequency but opposite wave vectors.

Parametric instabilities in gaseous and solid-state plasmas
are known to arise from the resonant coupling of collective
modes, which is due to the periodic modulation of plasma
parameters in an alternating electric field. These phenomena
have been extensively studied in electron-ion plasma and
semiconductors, and it has been shown that instabilities stem
from oscillations of the electron velocity relative to heavier
ions or holes [31,32]. In a single-component plasma, such
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FIG. 1. (a) Sketch of the single-layer graphene (yellow plane)
in a uniform high-frequency electric field E, sin Q¢. The generated
2D plasmons are marked by blue wavy lines. (b) Conversion of two
photons (dashed lines) into two 2D plasmons (wavy lines) with the
same frequency and oppositely directed wave vectors.

as an electron plasma with a quadratic dispersion law, the
parametric instability typically does not occur, since all elec-
trons oscillate collectively as a whole. However, parametric
resonance can emerge in a single-component plasma with a
nonparabolic energy spectrum of charge carriers, for example,
in a relativistic gas plasma [33,34], or in narrow-gap semicon-
ductors with the Kane dispersion law [35,36]. In such systems,
the instability is caused by oscillations of the electron effective
mass under the action of an alternating electric field. A similar
mechanism of parametric instability can also be expected in
single-layer graphene with a linear electron dispersion law.

I1. DISPERSION EQUATION FOR 2D PLASMONS

We consider single-layer graphene in a uniform
high-frequency electric field E(t) = Esin Q¢ with the
amplitude E; and the frequency 2 (see Fig. 1). The
field frequency is assumed to satisfy the condition
h2 < 2ep (ep is the Fermi energy of electrons), which
means that interband transitions are suppressed, and
the interaction of electrons with a high-frequency electric
field is governed by the Drude mechanism. For a typical
electron density of about 10''-10'? cm~2 the above condition
is fulfilled in the THz frequency range (0.1-10 THz). Further-
more, it is assumed that the frequency wq and the wave vector
q of 2D plasmons satisfy the conditions vy < wq/q <K ¢
(vp ~ 108 cm/s is the Fermi velocity of electrons in
graphene, and ¢ is the speed of light), which indicate
that 2D plasmons are considered within the long-wavelength
approximation and retardation effects are insignificant.

In the collisionless approximation used here, the kinetic
equation for the distribution function f(r, p,t) of electrons
in graphene layer is given by

0 0 0

B—J; + Vpa—{ — e(Eqysin Qt — V(P|z:o)£ =0, @))
where ¢(r, z, t) is the potential of the self-consistent electric
field generated by a 2D plasma wave, which is determined

by the Poisson equation. The two-dimensional vectors r and
p denote the position and momentum of an electron in the
graphene plane at z = 0; v, = dgp/dp is the velocity of an
electron with momentum p, and &, = vp|p| is the electron
spectrum in single-layer graphene.

We seek the solution of Eq. (1) in the form f = f© +
3f(p, t)exp(iqr), where the second term describes a small
perturbation caused by the self-consistent field of the plasma
wave. The function f©) obeys the equation

91O 9fO®
7 eEq sin Qt S =0, 2)
at ap
the solution of which is given by
FOm) = folp = po(1)), 3)

where

t
g0 €Eo
po(t) = —e/ Eg sin Qt'dt’ = — cos Qt,
—o0 Q
and fo(ep) = {1 + expl(ep — er)/T1)"! is the Fermi-Dirac
function. Equation (3) is a shifted in momentum space Fermi-
Dirac distribution function, describing the nonequilibrium
state of electrons in a high-frequency uniform electric field.

In the linear approximation in the small perturbation & f,
Eq. (1) takes the form

a8 a8 af®
—f +iqvpd f — eEg sin Qta—lf + iepq(t)q gp =0. 4

ot

Here, ¢q(?) is the spatial Fourier component of the self-
consistent electric potential in the graphene plane, which is
determined from the Poisson equation

Pea _ 0,y s2) | sra? 5)
822 Pq = Teo(l f P, (

where 8(z) is the Dirac delta function. The solution of this
equation is given by

2me
%mn=—77fmfkm%. (6)
Next, it is convenient to introduce a new function
d I
(Votpor) — Vp)dt' |.

N

Using Egs. (6) and (7), the self-consistent potential in the
graphene plane can be written as

t

v(p.1) =8f(P+ po()) exp [iQ/

—00

2
Pqt) = —gfdzpw(p,t)

t
X exp |:—iqf (Vptpotr) — vp)dt’]. 8)
—00
The equation for the newly introduced function ¥ (p, t) is
obtained by substituting § f (p, ¢) from Eq. (7) into Eq. (4), and
reads as
oy

—4iqv
ar T4 i

: dfo ! ,
=— ze(pqq% exp | iq (Yppoay — Vp)dt | (9)
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The solution of this equation is given by

. 0 ! / —i —t' . g
Y, p) = —zeqa—fo dt'pq(the %=1 exp |:zq/ AT (Vpipo(e) — Vp):|. (10)
p —0o0 —0o0

Substituting Eq. (10) into Eq. (8), after simple transformations we obtain

2ie? !
@q(t) = p /dzp 3{?/ dt'pg(t') exp <—lq/ dTVP-HJu(r)), (11)

where the electron velocity vpp,(r) appearing in Eq. (11) is given by

p+ EEO cos Q1 p+ EEO cos Q1
eE
|p + 5t cos Q‘L’| \/ 4 2eEop

Vp+po(z) = (12)

The integral of the velocity (12) over time, which is included in Eq. (1 1), cannot be expressed in closed analytical form.
Therefore, in the following analysis, we restrict ourselves to the quadratic approximation with respect to the amplitude of the
high-frequency field. Expanding Eq. (12) in powers of the field and substituting the resulting expression into Eq. (11), we perform
the integration over 7 in the exponential factor, leading to

)
0q(1) = 2”; /d q f"/ di (pq(t)exp{—lvp%[(l—ao)(t—t')

ap
+ 4 (sin Qr — sin ') — 2 (sin 201 — sin2$2t’):| } (13)
Q 2Q2
where the coefficients a( and a; are determined by the expressions
- CEb, CE@ED) 3E? - eoq)  e(Eop) a4
4p?Q2  2p*Q2(qp) 4p*Q2 @ p*Q

In the approximation used here, Eq. (13), after expanding the exponential factor in powers of the electric field, takes the form
2mie? f (qp)
Pq(t) = /dzp 0 / dt'py(t") exp |:_WF_(1 —ap)(t —t )}
q p ) p
(qp) a

{l — lvpm[—( sin Q¢ — sin Qt') — —(sm2£2t — sin2Qt’ )lUF—Z—( in Qt — sin Q¢') j“ (15)
4 4

Then, applying the Fourier transform with respect to time to Eq. (15), we obtain the following equation for the Fourier
components of ¢q(w),

2 [, fo 1 a2(qvp)*
wq(w){l +T/d P e e T g Aa@ D Ayl )]

27 e? a
- ’;e f dzpqa—]sal—wq(wmmq(w Q)—gq(@ — Q) Ag(, —)]

2 ¢’ [ ol
q ap 4Q

Clqup

+ 70 [Ag(w,222) — 2A4(w, Q)]i|

{(pq(a) + 2Q)[a0Aq(w, 2Q) +

2
“‘Z‘g" [Ag(@, —29) — 2A4 (o, —Q)]} } (16)

—@q(w — 252)|:a0Aq(a), —2Q) —
where

1 1
Aq(w,v) = — . 17
000) = o (17)

Equation (16) is quite complicated, so we further assume that the electric field Ey is directed parallel to the wave vector q. In
addition, we restrict our analysis to the case of degenerate electron statistics. Under these conditions, after integration over the
electron momenta Eq. (16) reduces to the following form,

+2
Ao(@)gg(@) = aw’ h; Y BMA@)g(@ + 1), (18)
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. . . 2 . . .
Here, we have introduced the following notations: o = ;TF B = [% (pr = h4/mn is the Fermi momentum, 7 is the electron

density), and wq = Qaervrg/ 1)!/% is the frequency of 2D plasma wave. The parameter 8 introduced above can be represented
as

where

ek eEgvp /2

Pri EF
from which it is clear that it is the ratio of the energy acquired by an electron in the high-frequency electric field over one period
to the Fermi energy. The dimensionless parameter 8 can be expressed as the ratio of the high-frequency electric field amplitude
to the characteristic field E. = pr£2/e, which is determined by the graphene doping and the frequency of an external field. The
quadratic approximation used here in the parameter 8 is valid provided that Ey < E.. The functions f,(x) in (19) after integration
take the form

s

s 2 cos ¢ A2 12
Joto) = ;/(; X — [1 - (3ﬁ2/4)sin2g0] coswd(p =2 {(1 —x) ek =)
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47 Jo X —cosg 4 2 16
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fz(X)=—/ RO P dp = —221(1 —x ) Po(x = 1) — 1] — 1,
T Jo x—cosg
3 [? cosPpsin’y 3( 4 o2 x
A =— [ Y0 - 21311 —x ) Po(x - )= 11+ 2},
87 Jo x—cosg 4 2

where 0(x) is the Heaviside step function. In the first expression of Eq. (20) we retained only the quadratic terms in the
parameter f.

Equation (18) represents a system of homogeneous linear equations for the Fourier components of the electric field potential
of plasmon. The solvability condition for this system of equations is that its determinant be zero. Using the smallness of the
parameter 8 on the right-hand side of Eq. (18), we will seek its approximate solution by perturbation method. Replacing
the argument w in the left-hand side of Eq. (18) with w + n2 and substituting the resulting expression for ¢(w + n<2)
into the right-hand side, we obtain

2 +2

Ap(w)A_(w +n2)
Ao(@) — a2 ZE 2In| QY
o(w) aw(hQ ,,Z_:zﬂ (w+nQ) Ao 1D 9q(®)
n£0
2 +2 +2
Y Inl+1K| o An(@Ai(@ + n<2) O 4 1O .
n#0,—k k0

Continuing the iteration process, we derive the dispersion equation expressed as a power series in . In the quadratic
approximation with respect to the electric field, it is sufficient to limit ourselves to two iterations, and we obtain

2 42 4
2 of EF 2ln| 2An(w)A—n(w+”Q)_ 44 of EF
Ao(@) —aw (m) Zzﬂ (o ) %) o g
nn_;ZO
4 YA (@A (@ + QA (0 +2R)A_ (0 + Q)
X[(‘”Q) (©+2%) A2(@ + DAo(w + 25

+(w — )Hw —2Q)*

A_ (@A (@ — DA_i(© — QA (@ — 29)} —0 (22)

A0 — Q)Ag(0 — 2Q)
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III. RESULTS AND DISCUSSION

When the condition € >~ 2w, is satisfied, the term with n = —1 in the sum and the last term in the square brackets in
Eqg. (22) become resonant. However, these terms are proportional to the coefficients A_j(w), A; (w—S2), and A_{ (w—S2), which,
as follows from Egs. (19) and (20), vanish. Consequently, the parametric resonance does not occur at the frequency € >~ 2wy,
and the electric field leads only to a small shift of the plasmon frequency.

Next, we consider the possibility of parametric resonance at the frequency Q2 ~ wq. By retaining in Eq. (22) solely the last
term in the square brackets and the term with n = —2 in the sum, both containing resonant denominators, while disregarding all
nonresonant contributions, the dispersion equation reads as

Az,](w)Azl(w - Q)
A(Z)(a) - Q)

2
Ao(@)Ag(@ — 2Q) — a2w2<;—;> BHw — 2Q)2A%, () — a4,34w2<h9) (0 — Q) (0 — 2Q) —o.

(23)

In deriving Eq. (23), we used the relations A;(w—Q) =A_(®), A|(0—2RQ) = A_|(0—R), Ar(w—2R) = A_,(w), which
follow directly from (19). Further, we will assume that the frequencies €2 and w satisfy the following two conditions: |0—Q| <«
qur and qur/|w +n2| <K 1 (n # —1). The first inequality is satisfied for a sufficiently small detuning between the electric
field and 2D plasmon frequencies. The second condition corresponds to the long-wavelength approximation, which is applicable
when the phase velocity w/q of the plasmon is much greater than the electron velocity vg. This regime is usually realized
in the THz frequency range. Indeed, using the dispersion law for 2D plasmons wq = (2aer vrq/h)'/?, we obtain the relation
qVr [wq = hwq/20eF, from which it follows that in the frequency range (0.1-10 THz) the long-wavelength approximation is
valid for electron densities n > 10" cm™2.

Expanding the functions f,(x) [Eq. (20)] in powers of the small parameters |w — Q|/qur < 1 and qur/|w + nQ2| < 1, and
substituting the results into Eq. (19), we obtain

2 2

A ~ —wi|l1l——811 —w A —Q)>2(w—Q _CU
o(w) w q I + 9 , o(w ) (w ) s
A1 (w) ~ —A_( Q)~—1 (w) ~ ! (24)

After substituting the expressions (24) into Eq. (23) we obtain the dispersion equation

w? 3 (0—29)?
{a) —w |:1——,3 <1+§>“{(w 29) —a)q|:1 16ﬁ (1+T>:|}
L e\, S (qur\° 9 Q Q \
= Latp (_m> (0 m)( )[”?4(4‘5%—29) , (25)

which for the small detuning (|2 — wq| < wq) can be rewritten as

2_ 2 ” L af €F 2 2 quF 9 Q Q 2
(0 — 0f)[(@ —29) —of] = 1—60:;3(%)(9( 29)( > [1+64<4_Z+w—29) ]
o = wg(l - %,32) 26)

(

We seek the solution of the dispersion Eq. (26) in the form  The solution of this equation yields the following expression
® = w'q + 8q, With |84 K @'q. Considering that the correc- for the correction term,
tion term §q ~ ,32, it is sufficient to replace 2 and w on the
right-hand side of Eq. (26) with the 2D plasmon frequency wy, 52
which does not take into account the influence of the high- Sq =A% \/ A2 — < ) ,34w2 (28)
frequency electric field. In the lowest-order approximation 64

in the small parameters |8q|/wq and |Al/wgq (A = Q — a)i1

denotes the detuning) Eq. (26) reduces to When the condition 8% > 64|A|/ (Swq) is satisfied, the ex-
pression under the square root in Eq. (28) becomes negative,
5\2 indicating the possibility of parametric instability of 2D
82 2A8q = —(a) 2'34(h9) (qur)* plasma wave in graphene. At zero detuning (A = 0) the
, growth rate is given by
o) 4 2
= (64) Froy. @7 F'=Imé, = 2 B0, (29)
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0.08

Relative detuning |A]/wq:
L = 0.005

FIG. 2. The ratio of the plasmon growth rate to its frequency
[Im(8q)/wq] as a function of the parameter 8 for different values
of the relative detuning |A|/wq. The Thin dashed line determines the
collisional damping of plasmon: yy/wq = (211,wq)’l =0.16.

The parametric instability manifests, when the growth rate
of the plasma wave exceeds its damping rate yq, i.e., when the
following condition

5 \2
\/(6_4> ,B“a)ﬁ — A2 >y, (30)

will be satisfied. From this condition one can obtain the ex-
pression for the threshold amplitude of the high-frequency
electric field:

8 nymne (A +r2\" 8 o (At B
J5 e w? N '

q q

th _
Ef =

(3D

The second expression in Eq. (31) for the threshold ampli-
tude is obtained after substitution E, = prQ2/e = h/mn/e.

For the intraband electronic transitions considered here, the
phase velocity of the 2D plasma wave exceeds the electron
velocity v, and hence the collisionless Landau damping is ab-
sent. The contribution of electron scattering into the damping
rate of plasmons can be estimated as yq ~ 1/21,, where 7, is
the momentum relaxation time of electrons. The dependencies
of the plasmon growth rate on the high-frequency electric field
amplitude and detuning for n ~ 10'' cm™2 and Q ~ wq =
27 x 1013 s7! (10 THz) are shown in Fig. 2. The region of the
parametric instability in Fig. 2(a) is located above the dashed
horizontal line showing the collisional damping of plasmons
at 7, 2 0.5 ps. The minimum threshold amplitude of the high-
frequency electric field is achieved at zero detuning and for

the selected parameter values is approximately equal to 10
kV/cm that lower than the characteristic electric field E, =
23.2 kV/cm. At present, THz fields with such strength are
quite achievable.

The parametric instability of 2D plasmons in a high-
frequency electric field, considered here, arises from a third-
order electrodynamic nonlinearity. This nonlinearity gives rise
to a current at the combination frequency 22 — wq, which
acts as a driving force for the 2D plasma wave and, under
the condition © > wyq, leads to its resonant amplification. The
parametric instability can be interpreted as a direct nonlinear
process in which two photons are converted into two plasmons
(Fig. 1) In this scenario, the nonlinear coupling between the
external electric field and the plasma wave originates from the
linear spectrum of electrons in single-layer graphene.

IV. CONCLUSION

We have theoretically studied the influence of a homoge-
nous high-frequency electric field on the propagation and
damping of long-wavelength 2D plasmons in single-layer
doped graphene. Within the framework of the collisionless
approximation and using the Vlasov equations, we have de-
rived the dispersion equation that determines the plasmon
spectrum and damping. Our analysis reveals that the nonlinear
dependence of the electron velocity on the alternating electric
field, originating from the massless Dirac electron spectrum in
graphene, can give rise to a parametric instability of 2D plas-
mons. This instability arises due to the resonant parametric
coupling of two plasmon modes and manifests itself when the
frequencies of the two-dimensional plasmon and the external
electric field closely coincide.

The parametric instability of plasma waves leads to an ex-
ponential increase in fluctuations in the electric potential and
electron density. Therefore, the primary method for detecting
plasma instabilities is probing the plasma with an electromag-
netic wave. The onset of plasma instability can be detected
by a sharp increase in the scattering and absorption of the
probing electromagnetic wave. This method can also be used
to detect the parametric instability of plasmons in graphene.
A near-field electric probe can also be used to detect electric
field fluctuations in graphene.

ACKNOWLEDGMENT

The work was supported by the National Academy of
Sciences of Belarus (State Research Program “Photonics and
Electronics for Innovations”™).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the author upon
reasonable request.

[1] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov,
and A. K. Geim, The electronic properties of graphene, Rev.
Mod. Phys. 81, 109 (2009).

[2] Vipin Kumar, Linear and nonlinear optical properties
of graphene: A review, J. Electron. Mater. 50, 3773
(2021).

085402-6


https://doi.org/10.1103/RevModPhys.81.109
https://doi.org/10.1007/s11664-021-08904-w

PARAMETRIC INSTABILITY OF PLASMA WAVES ...

PHYSICAL REVIEW B 113, 085402 (2026)

[3] J. W. You, S. R. Bongu, Q. Bao, and N. C. Panoiu, Nonlinear
optical properties and applications of 2D materials: Theoretical
and experimental aspects, Nanophotonics 8, 63 (2019).

[4] S. Yamashita, Nonlinear optics in carbon nanotube, graphene,
and related 2D materials, APL Photonics 4, 034301 (2019).

[5] S. A. Mikhailov, Non-linear electromagnetic response of
graphene, Europhys. Lett. 79, 27002 (2007).

[6] S. A. Mikhailov and K. Ziegler, Nonlinear electromagnetic
response of graphene: Frequency multiplication and the self-
consistent-field effects, J. Phys.: Condens. Matter 20, 384204
(2008).

[7] K. L. Ishikawa, Nonlinear optical response of graphene in time
domain, Phys. Rev. B 82, 201402(R) (2010).

[8] E. Hendry, P. J. Hale, J. Moger, A. K. Savchenko, and S. A.
Mikhailov, Coherent nonlinear optical response of graphene,
Phys. Rev. Lett. 105, 097401 (2010).

[9] M. Glazov and S. Ganichev, High frequency electric field
induced nonlinear effects in graphene, Phys. Rep. 535, 101
(2014).

[10] S. A. Mikhailov, Theory of the giant plasmon-enhanced
second-harmonic generation in graphene and semiconductor
two-dimensional electron systems, Phys. Rev. B 84, 045432
(2011).

[11] S. A. Mikhailov, Quantum theory of the third-order nonlinear
electrodynamic effects of graphene, Phys. Rev. B 93, 085403
(2016).

[12] H. Rostami, M. I. Katsnelson, and M. Polini, Theory of plas-
monic effects in nonlinear optics: The case of graphene, Phys.
Rev. B 95, 035416 (2017).

[13] L. A. Chizhova, F. Libisch, and J. Burgdorfer, Nonlinear
response of graphene to a few-cycle terahertz laser pulse:
Role of doping and disorder, Phys. Rev. B 94, 075412
(2016).

[14] E. H. Hwang and S. Das Sarma, Dielectric function, screening,
and plasmons in two-dimensional graphene, Phys. Rev. B 75,
205418 (2007).

[15] M. Jablan, H. Buljan, and M. Soljaci¢, Plasmonics in
graphene at infrared frequencies, Phys. Rev. B 80, 245435
(2009).

[16] F. Bonaccorso, Z. Sun, T. Hasan, and A. C. Ferrari, Graphene
photonics and optoelectronics, Nat. Photonics 4, 611 (2010).

[17] A. N. Grigorenko, M. Polini, and K. S. Novoselov, Graphene
plasmonics, Nat. Photonics 6, 749 (2012).

[18] F. H. Koppens, D. E. Chang, and F. J. Garcia de Abajo,
Graphene plasmonics: A platform for strong light-matter inter-
actions, Nano Lett. 11, 3370 (2011).

[19] T. Low and P. Avouris, Graphene plasmonics for Terahertz to
mid-infrared applications, ACS Nano 8, 1086 (2014).

[20] Q. Bao and K. P. Loh, Graphene photonics, plasmonics,
and broadband optoelectronic devices, ACS Nano 6, 3677
(2012).

[21] S. Huang, C. Song, G. Zhang, and H. Yan, Graphene plasmon-
ics: Physics and potential applications, Nanophotonics 6, 1191
(2017).

[22] P. A. Wolff and G. A. Pearson, Theory of optical mixing by
mobile carriers in semiconductors, Phys. Rev. Lett. 17, 1015
(1966).

[23] C. C. Wang and W. N. Ressler, Nonlinear optical effects of
conduction electrons in semiconductors, Phys. Rev. 188, 1291
(1969).

[24] Z. Mics, K.-J. Tielrooij, K. Parvez, S. A. Jensen, L. Ivanov, X.
Feng, K. Miillen, M. Bonn, and D. Turchinovich, Thermody-
namic picture of ultrafast charge transport in graphene, Nat.
Commun. 6, 7655 (2015).

[25] H. A. Hafez, S. Kovalev, J.-C. Deinert, Z. Mics, B. Green, N.
Awari, M. Chen, S. Germanskiy, U. Lehnert, J. Teichert, Z.
Wang, K.-J. Tielrooij, Z. Liu, Z. Chen, A. Narita, K. Mullen,
M. Bonn, M. Gensch, and D. Turchinovich, Extremely efficient
terahertz high-harmonic generation in graphene by hot Dirac
fermions, Nature (London) 561, 507 (2018).

[26] H. A. Hafez, S. Kovalev, K.-J. Tielrooij, M. Bonn, M. Gensch,
and D. Turchinovich, Terahertz nonlinear optics of graphene:
From saturable absorption to high-harmonics generation, Adv.
Opt. Mater. 8, 1900771 (2020).

[27] X. Yao, M. Tokman, and A. Belyanin, Efficient nonlinear gener-
ation of THz plasmons in graphene and topological insulators,
Phys. Rev. Lett. 112, 055501 (2014).

[28] T. J. Constant, S. M. Hornett, D. E. Chang, and E. Hendry, All-
optical generation of surface plasmons in graphene, Nat. Phys.
12, 124 (2016).

[29] M. Tokman, Y. Wang, I. Oladyshkin, A. R. Kutayiah, and A.
Belyanin, Laser-driven parametric instability and generation of
entangled photon-plasmon states in graphene, Phys. Rev. B 93,
235422 (2016).

[30] E. L. Kiselev, M. S. Rudner, and N. N. Lindner, Inducing excep-
tional points, enhancing plason quality and creating correlated
plasmon states with modulated Floquet parametric driving, Nat.
Commun. 15, 9914 (2024).

[31] V. P. Silin, Parametric resonance in a plasma, Sov. Phys. JETP
21, 1127 (1965).

[32] E. A. Jackson, Parametric effects of radiation on a plasma, Phys.
Rev. 153, 235 (1967).

[33] A. L. Berkhoer and V. E. Zakharov, Self excitation of waves
with different polarizations in nonlinear media, Sov. Phys. JETP
31, 486 (1970).

[34] N. L. Tsintsadze, Possibility of parametric resonance in an
electron plasma, Sov. Phys. JETP 32, 684 (1971).

[35] J. L. Gersten and N. Tzoar, Parametric excitation of plasma in-
stabilities in semiconductors, Phys. Rev. Lett. 27, 1650 (1971).

[36] J. I. Gersten and N. Tzoar, Optically induced parametric in-
stabilities in semiconducting plasmas, Phys. Rev. B 6, 1375
(1972).

085402-7


https://doi.org/10.1515/nanoph-2018-0106
https://doi.org/10.1063/1.5051796
https://doi.org/10.1209/0295-5075/79/27002
https://doi.org/10.1088/0953-8984/20/38/384204
https://doi.org/10.1103/PhysRevB.82.201402
https://doi.org/10.1103/PhysRevLett.105.097401
https://doi.org/10.1016/j.physrep.2013.10.003
https://doi.org/10.1103/PhysRevB.84.045432
https://doi.org/10.1103/PhysRevB.93.085403
https://doi.org/10.1103/PhysRevB.95.035416
https://doi.org/10.1103/PhysRevB.94.075412
https://doi.org/10.1103/PhysRevB.75.205418
https://doi.org/10.1103/PhysRevB.80.245435
https://doi.org/10.1038/nphoton.2010.186
https://doi.org/10.1038/nphoton.2012.262
https://doi.org/10.1021/nl201771h
https://doi.org/10.1021/nn406627u
https://doi.org/10.1021/nn300989g
https://doi.org/10.1515/nanoph-2016-0126
https://doi.org/10.1103/PhysRevLett.17.1015
https://doi.org/10.1103/PhysRev.188.1291
https://doi.org/10.1038/ncomms8655
https://doi.org/10.1038/s41586-018-0508-1
https://doi.org/10.1002/adom.201900771
https://doi.org/10.1103/PhysRevLett.112.055501
https://doi.org/10.1038/nphys3545
https://doi.org/10.1103/PhysRevB.93.235422
https://doi.org/10.1038/s41467-024-53709-0
https://doi.org/10.1103/PhysRev.153.235
https://doi.org/10.1103/PhysRevLett.27.1650
https://doi.org/10.1103/PhysRevB.6.1375

